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Abstract. In this work, a Nonlinear Infinitely Space of Neutral Functional Differential 

Systems with Distributed Delays in the Control of the form: 

𝑑

𝑑𝑡
(𝐷(𝑡, 𝑥𝑡)] =  𝐿(𝑡, 𝑥𝑡)𝑥𝑡 +  ∫ 𝐴

0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 + 𝑓(𝑡, 𝑥𝑡) 

 + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)]𝑢(𝑡 + 𝜃)                 (1.1) 

 is presented for controllability analysis .We linearize the system (1.1) and obtain an 

expression for the solution of the system using the Unsymmetric Fubini Theorem as in the 

paper of J.Klamka (1996).  The set functions – reachable set, attainable set, target set upon 

which our studies hinged were extracted.  We derived the form of the optimal control of the 

system 1.1) and expressed same using the definition of the signum function. 

Key Words: Signum function, Reachable set, Attainable set, Controllability index, optimal 

control, Linearization Nonlinear System, Unsymmetric Fubini Theorem. 
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 𝑑𝑖𝑣𝑒𝑟𝑠𝑖𝑓𝑖𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡ℎ𝑖𝑛𝑘𝑖𝑛𝑔 𝑡𝑜 𝑎𝑐𝑐𝑜𝑚𝑚𝑜𝑑𝑎𝑡𝑒 𝑡ℎ𝑒 𝑐𝑜𝑛𝑓𝑖𝑔𝑢𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 

 𝑧(𝑡) = {𝑥(𝑡), 𝑢𝑡} 

𝑎𝑠 𝑖𝑡 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑡𝑜 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑠𝑡𝑎𝑡𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (𝑥(𝑡), 𝑢𝑡)  

𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒𝑠 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑢𝑝 𝑡ℎ𝑒 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑠𝑡𝑢𝑑𝑦 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠  𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 

𝑤𝑖𝑡ℎ 𝑧𝑒𝑟𝑜 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡.  𝑊ℎ𝑖𝑙𝑒 𝑡ℎ𝑒 𝑠𝑝𝑜𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑜𝑓 

𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑎𝑡 (𝑥0, 𝑢𝑡0
)𝑓𝑟𝑜𝑚 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑡𝑖𝑚𝑒 𝑡0, 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑥(𝑡1) 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡1 𝑢𝑠𝑖𝑛𝑔 𝑎𝑛𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 

𝑔𝑖𝑣𝑒𝑠 𝑖𝑚𝑝𝑒𝑡𝑢𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑜𝑓 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦  

𝑺𝒆𝒃𝒂𝒌𝒃𝒚 𝒂𝒏𝒅 𝑴. 𝑵. 𝑩𝒂𝒚𝒐𝒖𝒓𝒏𝒊 (𝟏𝟗𝟕𝟑)𝑏𝑙𝑎𝑧𝑒𝑑 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑙 𝑏𝑦 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑑𝑒𝑟  

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 
𝑑

𝑑𝑡
 𝑥(𝑡) = 𝐴(𝑡) 𝑥(𝑡) +  𝐵(𝑡) 𝑈(𝑡) +  𝐶(𝑡)𝑈(𝑡 − ℎ) 

 

𝑊ℎ𝑒𝑟𝑒, 𝐴(𝑡), 𝐵(𝑡)𝑎𝑛𝑑 𝐶(𝑡) 𝑎𝑟𝑒 𝑛𝑥𝑛, 𝑛𝑥𝑚 𝑎𝑛𝑑  𝑛𝑥𝑚, 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑎𝑛𝑑 ℎ > 0 𝑖𝑠 𝑡ℎ𝑒 

 𝑑𝑒𝑙𝑎𝑦 𝑡𝑖𝑚𝑒.  𝑇ℎ𝑒𝑦 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑎 𝑟𝑎𝑛𝑘 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑟𝑎𝑛𝑘  
[𝐵, 𝐴𝐵, 𝐴2𝐵, … , 𝐴𝑛−1𝐵, 𝐶, 𝐴𝐶, 𝐴2𝐶, … , 𝐴𝑛−1𝐶] = 𝑛. 
 

𝑇ℎ𝑖𝑠 𝑟𝑒𝑠𝑢𝑙𝑡 ℎ𝑎𝑠 𝑠𝑖𝑛𝑐𝑒 𝑏𝑒𝑒𝑛 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑡𝑜 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑑𝑒𝑙𝑎𝑦𝑠  

(𝑠𝒆𝒆 𝑨. 𝑾. 𝑶𝒍𝒃𝒓𝒐𝒕 (𝟏𝟗𝟕𝟐)).  

 𝑇ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑒𝑛𝑒𝑟𝑔𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑤𝑎𝑠 𝑎𝑑𝑑𝑟𝑒𝑠𝑠𝑒𝑑 𝑏𝑦 𝑱. 𝑲𝒍𝒂𝒎𝒌𝒂  
(𝟏𝟗𝟕𝟔)𝒂𝒏𝒅 𝑱. 𝑼. 𝑶𝒏𝒘𝒖𝒂𝒕𝒖 (𝟏𝟗𝟗𝟎)𝑎𝑛𝑑 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑡𝑖𝑐 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 

 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑡𝑖𝑚𝑒 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 

𝑥(𝑡) = 𝐴(𝑡)𝑥(𝑡) + ∫ [𝑑𝑠

0

−ℎ

𝐻(𝑡, 𝑠)] 𝑢(𝑡 + 𝑠). 

 

𝑂𝑛𝑤𝑢𝑎𝑡𝑢 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑝𝑎𝑝𝑒𝑟 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒  
𝑠𝑦𝑠𝑡𝑒𝑚.  𝐻𝑒 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡, 𝑖𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [𝑡0, 𝑡1], 𝑤𝑖𝑡ℎ 𝑧𝑒𝑟𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 

𝑓𝑟𝑒𝑒 𝑝𝑎𝑟𝑡 𝑏𝑒𝑖𝑛𝑔 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑠𝑡𝑎𝑏𝑙𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑤𝑜𝑢𝑙𝑑 𝑏𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑛𝑢𝑙𝑙  
𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙.  𝑰𝒉𝒆𝒂𝒈𝒘𝒂𝒎 𝑽. 𝑨 (𝟐𝟎𝟎𝟓), 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑎𝑠 𝑤𝑒𝑙𝑙  
𝑎𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑂𝑟𝑑𝑖𝑛𝑎𝑟𝑦 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑆𝑦𝑠𝑡𝑒𝑚𝑠 𝑤𝑖𝑡ℎ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 

𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 
 

𝑥(𝑡) = 𝐴(𝑡)𝑥(𝑡) + ∫ [𝑑𝑠

0

−ℎ

𝐻(𝑡, 𝑠)] 𝑢(𝑡 + 𝑠)  +  𝑓 (𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝑢(𝑡 − ℎ)). 

 

𝑂𝑢𝑟 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑖𝑠 𝑡𝑜 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓  
𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 
𝑑

𝑑𝑡
 𝐷(𝑡, 𝑥𝑡) = 𝐿(𝑡, 𝑥𝑡)𝑥𝑡 + ∫ 𝐴(𝑡)𝑥(𝑡 + 𝜃)𝑑𝜃

0

−∞

 

          +  𝑓(𝑡, 𝑥𝑡)  + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)              (1.1) 

𝑎𝑛𝑑 𝑤𝑖𝑡ℎ 𝑧𝑒𝑟𝑜 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑢𝑠𝑖𝑛𝑔 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑜𝑟 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑡𝑜  
𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ 𝑟𝑒𝑠𝑢𝑙𝑡𝑠. 

 
𝟐.  𝑵𝒐𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑷𝒓𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒓𝒊𝒆𝒔: 
𝐿𝑒𝑡 𝑛 𝑏𝑒 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑎𝑛𝑑 𝐸 = (−∞, ∞)𝑏𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑙 𝑙𝑖𝑛𝑒.  
 𝐷𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝐸𝑛 𝑡ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛 − 𝑡𝑢𝑝𝑙𝑒𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑡ℎ 𝑛𝑜𝑟𝑚 |. | 
𝑖𝑓 𝐽 =  [𝑡0, 𝑡1] 𝑖𝑠 𝑎𝑛𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑜𝑓 𝐸, 𝐿2 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑏𝑒𝑠𝑔𝑢𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 𝐽 𝑡𝑜 𝐸𝑛 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑓𝑢𝑙𝑙 𝑎𝑠 𝐿2([𝑡0, 𝑡1], 𝐸𝑛).  
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 𝐿𝑒𝑡 ℎ > 0 𝑏𝑒 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑎𝑛𝑑 𝑙𝑒𝑡  𝐶([−ℎ, 0], 𝐸𝑛)𝑏𝑒 𝑡ℎ𝑒 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓  
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚 𝑜𝑓 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒, 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 
 
‖𝜙‖  = 𝑠𝑢𝑝. 𝜙(𝑠);  −ℎ ≤ 𝑠 ≤ 0, 𝑓𝑜𝑟 𝜙 ∈ 𝐶 ([−ℎ, 0], 𝐸𝑛), 
 

𝐼𝑓  𝑥 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 [−ℎ, 0]  𝑡𝑜 𝐸𝑛(𝑖. 𝑒.  𝑥 ∶ [−ℎ, 0] →  𝐸𝑛), 𝑡ℎ𝑒𝑛 𝑥𝑡   𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  
𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝑡ℎ𝑒 𝑑𝑒𝑙𝑎𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [−ℎ, 0] 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠  
 

𝑥𝑡(𝑠) = 𝑥(𝑡 + 𝑠); 𝑠 ∈ [−ℎ, 0], 𝑡 ∈ [0, ∞). 
 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1).  𝑇ℎ𝑎𝑡 𝑖𝑠 
𝑑

𝑑𝑡
 [𝐷(𝑡, 𝑥𝑡)] = 𝐿(𝑡, 𝑥𝑡)𝑥𝑡  +  ∫ 𝐴(𝑡)𝑥(𝑡 + 𝜃)𝑑𝜃

∞

0

 +   𝑓(𝑡, 𝑥𝑡) 

 + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)            (2.1) 

𝑊ℎ𝑒𝑟𝑒  

𝐿(𝑡, 𝑥𝑡) =  ∑ 𝐴𝑘

∞

𝑘=1

 𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴(𝑡)𝑥(𝑡 + 𝜃)𝑑𝜃
0

−∞

 

𝐿(𝑡, 𝑥𝑡)𝑥𝑡  =  ∫ 𝑑𝜃 𝜂

0

−ℎ

(𝑡, 𝑠, 𝑥(𝑡 + 𝑠)𝑥(𝑡 + 𝜃) 

𝜂(𝑡, 𝑠, 𝜙, 𝜓) ≥ 0, 𝑓𝑜𝑟 𝑠 ≥ 0 𝑎𝑛𝑑  𝜙, 𝜓 ∈ 𝐶 = 𝐶 ([−ℎ, 0], 𝐸𝑛 ) 
𝜂(𝑡, 𝑠, 𝜙, 𝜓)𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑠 ∈ [−ℎ, 0], 
 𝑣𝑎𝑟 𝜂(𝑡) ≤ 𝑚(𝑡), 𝑚(𝑡) ∈ 𝐿1, 𝑤ℎ𝑒𝑟𝑒 𝐿1 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠.  
𝐿𝑒𝑡 𝛺 𝑏𝑒 𝑎𝑛 𝑜𝑝𝑒𝑛 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐸 𝑥 𝐶  𝑎𝑛𝑑 𝐷 𝑎𝑛𝑑 𝐿 𝑏𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 

𝐸 𝑥 𝐶  𝑖𝑛𝑡𝑜 𝐸𝑛. 
𝐷(𝑡, 𝑥𝑡) = 𝑥(𝑡)𝑔(𝑡, 𝑥𝑡), 𝑤ℎ𝑒𝑟𝑒 

𝑔(𝑡, 𝑥𝑡), = ∑ 𝐴𝑛

∞

𝑛=0

(𝑡) 𝜙 (𝑡 − 𝑤𝑛) +  ∫ 𝐴(𝑡, 𝑠)𝜙(𝑠)𝑑𝑠 = ∫ 𝑑𝜃𝐻(𝑡, 𝜃) 𝜙(𝜃)

0

−ℎ

0

−ℎ

 

 

𝑊ℎ𝑒𝑟𝑒 0 ≤ 𝑤𝑛 ≤ ℎ  𝑎𝑛𝑑  | ∫ 𝑑𝜃 𝐻(𝑡, 𝜃) 𝜙

0

−ℎ

| ≤ ℎ(𝜃)‖𝜙‖ 

𝑫(𝒕, 𝒙𝒕) 𝒊𝒔 𝒏𝒐𝒏 − 𝒂𝒕𝒐𝒎𝒊𝒄 𝒂𝒕 𝒛𝒆𝒓𝒐 (𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒃𝒍𝒆 𝒂𝒏𝒅 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒃𝒍𝒆 𝒂𝒕 𝒛𝒆𝒓𝒐). 
 

∫ 𝐴(𝑡, 𝑠)/𝑑𝑠 + ∑|𝐴𝑛(𝑡)| ≤ 𝛿(𝜀),

∞

𝑛=1

0

−ℎ

 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, 𝑤ℎ𝑒𝑟𝑒 𝛿(𝜀) → 0. 

𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑜𝑡ℎ𝑒𝑟 𝑠𝑚𝑜𝑜𝑡ℎ𝑛𝑒𝑠𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠. 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1), 
𝑑

𝑑𝑡
 [𝐷(𝑡, 𝑥𝑡)] = 𝐿(𝑡, 𝑥𝑡)𝑥𝑡  +  ∫ 𝐴(𝑡)𝑥(𝑡 + 𝜃)𝑑𝜃

∞

0

 

+  𝑓(𝑡, 𝑥𝑡)  + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)                (2.1) 

(𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 − ∞ 𝑡𝑜 𝑧𝑒𝑟𝑜, 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝑧𝑒𝑟𝑜 𝑡𝑜 ∞). 
 

LINEARIZATION OF SYSTEM (2.1) 

𝑊𝑒 𝑐𝑎𝑛 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑒 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1)𝑎𝑠 𝑖𝑛 𝑪𝒉𝒖𝒌𝒘𝒖 (𝟏𝟗𝟗𝟐)𝑏𝑦 𝑠𝑒𝑡𝑡𝑖𝑛𝑔 𝑥𝑡  = 𝑧,  
𝑎  𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑙𝑜𝑠𝑠 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑡𝑦. 
𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  
𝑑

𝑑𝑡
 [𝐷(𝑡, 𝑥𝑡)] = 𝐿(𝑡, 𝑧)𝑥𝑡  +  ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃

∞

0
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+  𝑓(𝑡, 𝑥𝑡)  +  ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)                       (2.2) 

 

𝐸𝑣𝑖𝑑𝑒𝑛𝑡𝑙𝑦, 

𝐿(𝑡, 𝑧)𝑥𝑡  =  ∑ 𝐴𝑘

∞

𝑘=0

𝑥(𝑡 − 𝑤𝑘) + ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 +
0

−∞

∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃
∞

0

              (2.3) 

 

𝐿∗(𝑡, 𝑧)𝑥𝑡  =  ∑ 𝐴𝑘

∞

𝑘=0

𝑥(𝑡 − 𝑤𝑘) + ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃
∞

−∞

                                   (2.4) 

𝑇ℎ𝑒 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝐿, 𝐿∗ 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠 

𝐿(𝑡, 𝑍)𝑥𝑡  =
𝑙𝑖𝑚𝑖𝑡

𝑝 → ∞
∑ 𝐴𝑘

𝑃

𝑘=0

𝑥(𝑡 − 𝑤𝑘)   +  
𝑙𝑖𝑚𝑖𝑡

𝑀. 𝑁 → ∞
∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 +

𝑁

𝑀

𝜃)𝑑𝜃               (2.5) 

 

𝑊𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡𝑠 𝑒𝑥𝑖𝑠𝑡, 𝑔𝑖𝑣𝑖𝑛𝑔 𝑓𝑖𝑛𝑖𝑡𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑠𝑢𝑚 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒  
𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑠.  𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚  

𝐿∗(𝑡, 𝑧)𝑥𝑡  =  ∑ 𝐴𝑘

∞

𝑘=0

 𝑥(𝑡 − 𝑤𝑘) + ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃
∞

−∞

               (2.6) 

𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑎𝑛𝑑 𝑤𝑒𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 
 

𝐼𝑛 𝑡ℎ𝑒 𝑙𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒, 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜 
𝑑

𝑑𝑡
 [𝐷(𝑡, 𝑥𝑡)] = 𝐿(𝑡, 𝑧)𝑥𝑡  + 𝑓 (𝑡, 𝑥𝑡) + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)                           (2.7) 

𝑥(𝑡𝑜) = 𝜙 ∈  𝐶 

 

 

𝑽𝒂𝒓𝒊𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝑭𝒐𝒓𝒎𝒖𝒍𝒂 
𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 (2.7), 𝑎𝑓𝑡𝑒𝑟 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑖𝑛𝑔, 𝑤𝑒 ℎ𝑎𝑣𝑒 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠) + 𝑓(𝑠, 𝑥𝑠

𝑡

0

) 𝑑𝑠

+ ∫ 𝑋(𝑡, 𝑠) {∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)] 𝑢(𝑡 + 𝜃)}
𝑡

0

𝑑𝑠             (2.8) 

 

𝑊ℎ𝑒𝑟𝑒 𝑋(𝑡, 𝑠)𝑖𝑠 𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.7).   

𝑋(𝑡, 𝑠)  =  1 (𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥) 𝑓𝑜𝑟 𝑡 = 𝑠, 𝑜𝑓 𝑛𝑥𝑛 𝑜𝑟𝑑𝑒𝑟. 

𝑇ℎ𝑒 3𝑟𝑑 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.8)𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 

 𝑢(𝑡) 𝑓𝑜𝑟   𝑡 < 𝑡0, 𝑎𝑠 𝑤𝑒𝑙𝑙 𝑎𝑠 𝑓𝑜𝑟  𝑡 > 𝑡0.  (𝑡0 = 0). 𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 

 𝑓𝑜𝑟 𝑡 ∈ [𝑡0 − ℎ, 𝑡0]𝑒𝑛𝑡𝑒𝑟 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 {𝑥0, 𝑢𝑡0
}.  

 𝑇𝑜 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑚, 𝑡ℎ𝑒 3𝑟𝑑 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.8)𝑚𝑢𝑠𝑡 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒 

 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛. 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐵𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠; 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠)𝐻(𝑠, 𝜃)𝑢(𝑆 + 𝜃)𝑑𝑠
𝑡

0

) 

= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)𝑢(𝑢 − 𝜃 + 𝜃)𝑑𝑠
𝑡+𝜃

0+𝜃

) 

= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)𝑢(𝑠)𝑑𝑠
𝑡+𝜃

0+𝜃

) 
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= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠
0

0+𝜃

) 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)𝑢(𝑠)𝑑𝑠
𝑡+𝜃

0

)             (2.9) 

 

𝑊ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑠𝑦𝑚𝑏𝑜𝑙  𝑑𝐻𝜃
 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐿𝑒𝑏𝑒𝑠𝑞𝑢𝑒 − 𝑠𝑡𝑖𝑒𝑙𝑡𝑖𝑒𝑠 

 𝑠𝑒𝑛𝑠𝑒 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒  𝜃 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝐻(𝑡, 𝜃). 
𝐿𝑒𝑡 𝑢𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠: 
 

𝐻̂(𝑠, 𝜃) = {
𝐻(𝑠, 𝜃)𝑓𝑜𝑟 𝑠 ≤ 𝑡, 𝜃 ∈ 𝑅
0, 𝑓𝑜𝑟 𝑠 > 𝑡,   𝜃 ∈ 𝑅

}    … … … … … … …                 … … … … … … …         (2.10) 

 

𝐻𝑒𝑛𝑐𝑒 𝑥(𝑡) 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑟𝑚: 
 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠 

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)
0

0+𝜃

𝑢0(𝑠)𝑑𝑠) 

 

+ ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻̂(𝑠, −𝜃, 𝜃)𝑢(𝑠)𝑑𝑠
𝑡

0

) (2.11) 

 

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (2.11)𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑎 

 𝑚𝑜𝑟𝑒 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑡 𝑓𝑜𝑟𝑚 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 (𝒔𝒆𝒆 𝑱. 𝑲𝒍𝒂𝒎𝒌𝒂 (𝟏𝟗𝟖𝟎)). 
 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠 

𝑡

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)
0

0+𝜃

𝑢0(𝑠)𝑑𝑠) 

 

+ ∫ (∫ 𝑋(𝑡, 𝑠 − 𝜃)
0

−ℎ

𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃))

𝑡

0

𝑢(𝑠)𝑑𝑠                       (2.12) 

𝐿𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥(𝑡) 𝑜𝑓 𝑠𝑦𝑡𝑒𝑚 (2.1) 𝑓𝑜𝑟 𝑡 = 𝑡1. 

𝑥(𝑡1) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠 

𝑡1

0

) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)
0

0+𝜃

𝑢0(𝑠)𝑑𝑠) 

 

+ ∫ (∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 − 𝜃, 𝜃))
𝑡1

0

𝑢(𝑠)𝑑𝑠   

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏: (𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒔𝒕𝒂𝒕𝒆) 

𝑇ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑧(𝑡) = {𝑥𝑡  , 𝑢𝑡} 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟐: (𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [𝑡0, 𝑡1]𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 

 𝑠𝑡𝑎𝑡𝑒 𝑧(0) = {𝑥0, 𝑢𝑡0
} 𝑎𝑛𝑑 𝑥1 ∈ 𝐸𝑛, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢(𝑡) 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 [𝑡0, 𝑡1] 

 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑥(𝑡1) = 𝑥1. 
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𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟑: (𝑹𝒆𝒂𝒄𝒉𝒂𝒃𝒍𝒆 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 
 

𝑅(𝑡1, 𝑡0)  = {∫ (∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 − 𝜃, 𝜃))
𝑡

𝑡0

𝑢(𝑠)𝑑 ∶ 𝑢𝜖𝑈. } 

 

𝑊ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2([0, 𝑡], 𝐸𝑚: |𝑢𝑗| ≤ 1,   𝑗 = 1, 2, 3, … . . 𝑚} 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒: (𝑨𝒕𝒕𝒂𝒊𝒏𝒂𝒃𝒍𝒆 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚  (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 
 

𝐴(𝑡1, 𝑡0 ) = {𝑥(𝑡, 𝑥0, 𝑢): 𝑢 ∈ 𝑈 , 𝑎𝑛𝑑 |𝑢𝑗| ≤ 1, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑗}, 

 

 𝑤ℎ𝑒𝑟𝑒  𝑈 = {𝑢 ∈ 𝐿2([0, 𝑡], 𝐸𝑚: |𝑢𝑗| ≤ 1,   𝑗 = 1, 2, 3, … . . 𝑚} 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟓: (𝑻𝒂𝒓𝒈𝒆𝒕 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐺(𝑡1, 𝑡0)  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 
 

𝐺(𝑡1, 𝑡0)   = {𝑥(𝜏, 𝑥0, 𝑢) ∶  𝑡1 ≥ 𝜏 ≥ 𝑡0  𝑓𝑜𝑟 𝑓𝑖𝑥𝑒𝑑  𝜏 𝑎𝑛𝑑 𝑢 ∈ 𝑈} 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟔: (𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝑮𝒓𝒂𝒎𝒎𝒊𝒂𝒏) 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 
 

𝑊(𝑡1, 𝑡0)   =  ∫ Ƶ(𝑡, 𝑠)
𝑡

𝑡0

Ƶ𝑇(𝑡, 𝑠)𝑑𝑠

= ∫ [∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 − 𝜃, 𝜃)]
𝑡

𝑡0

[∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑇

𝑑𝑠 

𝑊ℎ𝑒𝑟𝑒, Ƶ(𝑡, 𝑠) = [∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 𝜃, 𝜃) ] , 𝑎𝑛𝑑 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒. 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟕 (𝑷𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔) 

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸𝑛 𝑜𝑛  [𝑡0, 𝑡1], 𝑖𝑓 𝑠𝑝𝑎𝑛 𝑅(𝑡1, 𝑡0)   =  𝐸𝑛, 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑖𝑓 
 

𝐶𝑇 [∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

–ℎ

𝐻̂(𝑠 − 𝜃, 𝜃)] =  0   𝑎. 𝑒, 𝑡 > 0 = 𝑡0   ⟹  𝐶 = 0 ;  𝐶 ∈  𝐸𝑛. 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟖 (𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [𝑡0, 𝑡1] 𝑖𝑓 
 

𝐴(𝑡1, 𝑡0)  ∩   𝐺(𝑡1, 𝑡0)  ≠ 𝜙 ; 𝑡 > 𝑜 
 

𝟐. 𝟏  𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝑺𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒐𝒓 𝑪𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔 

𝐴𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑚𝑎𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ 𝑟𝑒𝑠𝑢𝑙𝑡𝑠. 

1. 𝑇ℎ𝑒 𝑛𝑜𝑛 𝑒𝑚𝑝𝑡𝑖𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑤𝑜 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 –  𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑎𝑛𝑑 

 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦.  𝑇ℎ𝑎𝑡 𝑖𝑠 ; 

 

𝐴(𝑡1, 𝑡0)  ∩  𝐺(𝑡1, 𝑡0)  ≠ 𝜙, ⟹  𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
 

2. 𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑟 𝑚𝑎𝑝 𝑊(𝑡1, 𝑡0) 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑎𝑛𝑑  𝑡ℎ𝑒  𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦  𝑜𝑓 

 𝑡ℎ𝑒 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑔𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑠;  𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚. 𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 

 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑟𝑎𝑛𝑘 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑛.  
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𝐼𝑡 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑊(𝑡1, 𝑡0) 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑛 𝑡𝑢𝑟𝑛 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 

 

𝐶𝑇 [∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

–ℎ

𝐻̂(𝑠 − 𝜃, 𝜃)] =  0   𝑎. 𝑒, 𝑜𝑛 [𝑡0, 𝑡1] 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐶 = 0. 

 
3. 0 ∈ 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑅(𝑡1, 𝑡0), 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
 

 

𝟑. 𝑴𝒂𝒊𝒏 𝑹𝒆𝒔𝒖𝒍𝒕𝒔 
𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛, 𝑤𝑒 𝑠ℎ𝑎𝑙𝑙 𝑑𝑒𝑟𝑖𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑎𝑛𝑑  

𝑒𝑥𝑝𝑟𝑒𝑠𝑠 𝑠𝑎𝑚𝑒 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑖𝑔𝑛𝑢𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟏 (𝑺𝒊𝒈𝒏𝒖𝒎 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏) 
 

𝑇ℎ𝑒 𝑠𝑖𝑔𝑛𝑢𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 
 

𝒔𝒈𝒏 𝒙 = {
𝟏, 𝒊𝒇 𝒙 > 0

−𝟏, 𝒊𝒇 𝒙 < 0
} 

 

Theorem 3.2 (Existence of an Optimal control) 

Consider the system (1.1) 

𝑑

𝑑𝑡
(𝐷(𝑡, 𝑥𝑡)] =  𝐿(𝑡, 𝑥𝑡)𝑥𝑡 +  ∫ 𝐴

0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 + 𝑓(𝑡, 𝑥𝑡) 

 + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)]𝑢(𝑡 + 𝜃)                 (1.1) 

with its basic assumptions.  

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0, 𝑡1], 𝑡ℎ𝑒𝑛  

𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 (𝒔𝒆𝒆 𝑶𝒏𝒘𝒖𝒂𝒕𝒖 (𝟏𝟗𝟗𝟑)). 

Proof 

𝐵𝑦 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1), 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 ℎ𝑜𝑙𝑑𝑠. 𝑇ℎ𝑎𝑡 𝑖𝑠  

𝐴(𝑡1, 𝑡0)  ∩  𝐺(𝑡1, 𝑡0)  ≠ 𝜙 

𝐻𝑒𝑛𝑐𝑒, 𝑥(𝑡, 𝑥0 , 𝑢) ∈ 𝐴(𝑡1, 𝑡0) 𝑎𝑛𝑑 𝑥(𝑡, 𝑥0, 𝑢) ∈ 𝐺(𝑡1, 𝑡0). 

𝑅𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝐴(𝑡1, 𝑡0)𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑅(𝑡1, 𝑡0)𝑡ℎ𝑟𝑜𝑢𝑔ℎ 

  𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 ŋ, 𝑤ℎ𝑒𝑟𝑒 

ŋ = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 + ∫ 𝑋(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠

𝑡

0

 ) 𝑑𝑠 + ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻(𝑠, −𝜃, 𝜃)
0

0+𝜃

 𝑢𝑜(𝑠)𝑑𝑠) 

 

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡  𝑦(𝑡) ∈ 𝑅(𝑡1, 𝑡0), 𝑓𝑜𝑟 𝑡 ∈  [𝑡0, 𝑡1] , 𝑡1 > 𝑡0 , 𝑎𝑛𝑑 𝑐𝑎𝑛 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 
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𝑦(𝑡) = ∫ 𝑑𝐻𝜃

0

−ℎ

(∫ 𝑋(𝑡, 𝑠 − 𝜃)𝐻̂(𝑠, −𝜃, 𝜃)𝑢(𝑠)𝑑𝑠
𝑡

0

) 

= ∫ (∫ 𝑋(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃

0

−ℎ

𝐻̂(𝑠 − 𝜃, 𝜃))
𝑡

𝑡0

𝑢(𝑠)𝑑 

𝐿𝑒𝑡,   𝑡∗ =  𝑖𝑛𝑓𝑖𝑚𝑢𝑚  { 𝑡 ∶ 𝑧(𝑡) ∈ 𝑅 (𝑡1, 𝑡0)} 

𝑁𝑜𝑤  𝑡0  ≤  𝑡𝑛  ≤  𝑡1 𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡𝑖𝑚𝑒𝑠 𝑡𝑛 𝑎𝑛𝑑 𝑎 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  

𝑜𝑓 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 {𝑢𝑛} ∈ 𝑈 𝑤𝑖𝑡ℎ {𝑡𝑛} 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑖𝑛𝑔 𝑡𝑜 𝑡∗ (𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑖𝑚𝑒). 

𝐿𝑒𝑡   𝑧(𝑡𝑛)  =  𝑦(𝑡𝑛 , 𝑢𝑛)  ∈ 𝑅 (𝑡1, 𝑡0).  

 𝐴𝑙𝑠𝑜 , 

|𝑧(𝑡∗)  −  𝑦(𝑡∗, 𝑢𝑛)|  = |𝑧(𝑡∗) –  𝑧(𝑡𝑛)  +  𝑧(𝑡𝑛) –  𝑦(𝑡∗ , 𝑢𝑛)| 

                             ≤ |𝑧(𝑡∗) – 𝑧(𝑡𝑛)| + | 𝑦(𝑡𝑛, 𝑢𝑛) − 𝑦 (𝑡∗, 𝑢𝑛)| 

  ≤ |𝑧(𝑡∗) – 𝑧(𝑡𝑛)| + |𝑦(𝑡𝑛 , 𝑢𝑛)  − 𝑦(𝑡∗, 𝑢𝑛)| 

   ≤ |𝑧(𝑡∗)– 𝑧(𝑡𝑛)| + ∫ |𝑦(𝑠)|𝑑𝑠

𝑡𝑛

𝑡∗

 

𝐵𝑦 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑜𝑓 𝑧(𝑡) 𝑤ℎ𝑖𝑐ℎ 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑜𝑓  𝑅(𝑡1, 𝑡0) 𝑎𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑠𝑒𝑡  

𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓  ‖𝑦(𝑡)‖, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡  𝑦(𝑡∗ , 𝑢𝑛) →  𝑧(𝑡∗) 

 𝑎𝑠  𝑛 → ∞  , 𝑤ℎ𝑒𝑟𝑒  , 𝑧(𝑡∗) = 𝑦 (𝑡∗, 𝑢∗) ∈ 𝑅(𝑡1, 𝑡0) 

𝐹𝑜𝑟 𝑠𝑎𝑚𝑒 𝑢∗ ∈ 𝑈 𝑎𝑛𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓  𝑡∗ , 𝑢∗ 𝑖𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 

𝑇ℎ𝑖𝑠 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑠 𝑡ℎ𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑜𝑟 𝑡ℎ𝑒   Nonlinear Infinitely 

 Space of Neutral Functional Differential Systems with Distributed Delays in the Control. 

 

Theorem 3.2 

Consider the Nonlinear InfinitelySpace of Neutral Differential Equation with Distributed Delays in the 

Control 

𝑑

𝑑𝑡
(𝐷(𝑡, 𝑥𝑡)] =  𝐿(𝑡, 𝑥𝑡)𝑥𝑡 + ∫ 𝐴

0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 + 𝑓(𝑡, 𝑥𝑡) 

 + ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)]𝑢(𝑡 + 𝜃)                    (3.1) 

with its basic assumptions, then 𝑢∗ is the optimal control energy for the system  (3.1) if and only if 𝑢∗ is 

of the form: 

𝒖∗(𝒕) = 𝒔𝒈𝒏 [𝑪𝑻 ∫ [
𝒕𝟏

𝒕𝟎

∫ 𝐗
𝟎

−𝐡

(𝐭, 𝐬 − 𝛉)𝐝𝐇𝛉
𝑯̂(𝒔 − 𝜽, 𝜽)] , 𝑪 𝝐 𝑬𝒏 

 

Proof 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡, 𝑢∗𝑖𝑠 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.1), 𝑡ℎ𝑒𝑛 𝑖𝑡 

 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 𝑡ℎ𝑒 𝑟𝑎𝑡𝑒 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒   𝑦(𝑡, 𝑢) , 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 
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𝑦(𝑡, 𝑢) =  ∫ X
0

−h

(t, s − θ)dHθ
𝐻̂(𝑠 − 𝜃, 𝜃)𝑢(𝑡), 

𝑓𝑜𝑟 𝑢 ∈ 𝑈, 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶. 
 

𝑆𝑖𝑛𝑐𝑒 𝑢(𝑡)𝑠  𝑎𝑟𝑒 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠, 𝑡ℎ𝑎𝑡 𝑖𝑠 , 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 𝑡𝑜 𝑙𝑖𝑒 𝑖𝑛 𝑎 𝑢𝑛𝑖𝑡 𝑠𝑝ℎ𝑒𝑟𝑒,  
𝑤𝑒 ℎ𝑎𝑣𝑒 

𝐶𝑇 ∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)𝑢(𝑡) ≤ |𝐶𝑇 ∫ 𝑋

0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)| 

 

≤ 𝐶𝑇 ∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)𝑠𝑔𝑛 [𝐶𝑇 ∫ 𝑋

0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] … … . … (3.2) 

 

𝑇ℎ𝑖𝑠 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡 𝑡ℎ𝑎𝑡, 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒐𝒏 𝒛𝒆𝒓𝒐 𝒏𝒖𝒎𝒃𝒆𝒓 𝜶, 𝜶 ≤ 𝒔𝒈𝒏 𝜶. 
𝐻𝑒𝑛𝑐𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑛𝑔  

𝑢∗ =  𝑠𝑔𝑛[𝐶𝑇 ∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]    … … . (3.3) 

𝑇ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (3.2), 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  
 

𝐶𝑇 ∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)𝑢(𝑡) ≤ 𝐶𝑇 ∫ 𝑋

0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)𝑢∗(𝑡) 

 

𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑡ℎ𝑎𝑡 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 𝑦(𝑡, 𝑢) ∈ 𝑅(𝑡1, 𝑡0) 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 
 

𝑢∗ =  𝑠𝑔𝑛[𝐶𝑇 ∫ 𝑋
𝑜

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]. 

 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 
 

𝐿𝑒𝑡           ,     𝑢∗ =  𝐶𝑇 ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] ,

𝑡1

𝑡0

 

𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢 ∈ 𝑈, 
 

𝐶𝑇 ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑡

0

𝑢(𝑠)𝑑𝑠  

≤ 𝐶𝑇 ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑡1

𝑡𝑜

 𝑠𝑔𝑛 [𝐶𝑇 ∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑑𝑠.  

 

≤ 𝐶𝑇 ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑡1

𝑡𝑜

𝑑𝑠, 𝑠𝑖𝑛𝑐𝑒 𝛼 ≠ 0, 𝑠𝑔𝑛𝛼 > 0. 

 

≤ 𝐶𝑇 ∫ [
𝑡1

𝑡𝑜

∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)𝑢∗(𝑠)]𝑑𝑠 

 

𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑢∗ 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑡

0

](𝑠)𝑑𝑠  

 

𝑜𝑣𝑒𝑟 𝑎𝑙𝑙 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠 𝑢 ∈ 𝑈. 
𝐻𝑒𝑛𝑐𝑒 𝑢∗ 𝑖𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.1).  𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓. 
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