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Abstract

The aim of this paper is to introduce and study a fuzzy Z-open set (resp .fuzzy b-open ,fuzzy p —open, fuzzy g*
-open, fuzzy e-open )sets in fuzzy topology space on fuzzy set and devote to study some properties and the relation
between them.

1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadah ,chang introduced the definition of fuzzy topology space,
Chakrabarty ,M.K. and Ahsanullal, T,M.G. " Fuzzy topological space on fuzzy sets And Tolerance topology"
Fuzzy sets and system 45,103108(1992).Chaudhuri , A .k. and Das ,P. ,"Some Results on Fuzzy Topological
On Fuzzy Sets" , Fuzzy sets and systems 56 , 331-336 , (1993), El.Magharabi, MohammedA.AL- juhani New
Types Of Fuction By M-open Sets Of Taibah university For Science Joumal In (2013).In this paper , we
introduce some types of fuzzy open sets in fuzzy topological space on fuzzy set and study some relations and

given some counter examples.

2. Fuzzy Topological Space On Fuzzy Set

2.1 Definition [L.A.ZADEH]

Let X be a non-empty set , a fuzzy set A in X is characterized by a function uz: X— I, where 1=[0,1] which is
written A={(x, uz (X)) : X € X, 0< uz (x)< 1},The collection of all fuzzy sets in X will be denoted by %, that is
1¥={A:A is fuzzy sets in X} where uzis called the membership function.

2.2 Definition [Chakrabarty ,M.K. and Ahsanullal,T,M.G.]

A collection Tof a fuzzy subsets of 4, such that T < P(4) is said to be fuzzy topology on 4, if it satisfied the
following conditions :

1) A0 €T
2) IfB,C eT,thenBNCET
3) IfB,eT, thenu, B,€T,a € A

(4, T) is said to be fuzzy topological space and every member of T is called fuzzy open set in 4 and its

complement is a fuzzy closed set .
2.3Definition [Chaudhuri, A .k. and Das ,P.]
Let B be a fuzzy set in a fuzzy topological space(4, T) then :
* The interior of B is denoted by Int (B) and defined by

Int(B )= max {pg (X) : G is a fuzzy open set in 4, pgs(x) < pz(x) }
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» The closure of B is denoted by CL(B ) and defined by

CL (B)=min{ up: Fisa fuzzy closed setin 4, uz(x) < ps(x)}
2.4 Definition [Shymaa Abd Alhassan A]

A fuzzy set Bin a fuzzy topological space (4,T) is said to be

e Fuzzy § — open set if u(mt(d(é))) ®) < us(x).

e Fuzzy § — closed set if pug(X) < ,u(cl(lm(é))) ().

2.5 Definition [El.Magharabi, MohammedA.AL- juhani]

A fuzzy set D in a topological space (4,T) is said to be

* Fuzzy Z-open set if up (x) < max {u(d (mtg(ﬁ)) ), u(mt(d(m)) x)}.
*Fuzzy Z-closed set if min {u(d(mt&(ﬁ)) ), u(d(mt(ﬁ))) 0} < up ).

2.6 Definition:
Let D be a fuzzy set in a fuzzy topological space(4 , T) then :
» The Z- interior of D is denoted by Z Int (D) and defined by
ZInt(D') = max {ug (x): G is a fuzzy z- opensetin 4, uz(x) < uz(x)}
* The Z- closure of Dis denoted by Z CL(D)and defined by
Zcl (D) = min {us (X): Sis a fuzzy Z-closed set in A, uz (X)< us (X) }
Definition 2.7[Chakrabarty ,M.K. and Ahsanullal,T,M.G]
Let B, C be a fuzzy set in a fuzzy topological space (4, T) then :

* A fuzzy point x,. is said to be quasi coincident with the fuzzy set B if there exist x € X such that
1, (X)+ pz(X) > pz (x) and denoted by x, g B, if pu, (X) + pa(X) < pz (x) Vx € X then x,. is not quasi

coincident with a fuzzy set B and is denoted by x, ' B.

* A fuzzy set B is said to be quasi coincident ( overlap ) with a fuzzy set C if there exist x € Xsuch that uz (X)
+ue(X) > pz(x) and denoted by B q € , if ugz (X) + us(X) < uz (x) Vx € X then B is not quasi coincident with
a fuzzy set C and is denoted by B G C.

2.8 Remark:

1. The intersection of two fuzzy Z-open set is not necessary a fuzzy Z-open set.
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2. The union of two fuzzy Z-closed set is not necessary a fuzzy Z-closed set .
As shown by the following example :-

2.9 Example:

A={(2,06),008)} ,B={(0.0),(b0.6)}
¢={(2,06) (000} ,D ={(a0.),(b0.6)}
F={(a04),004)}  F={(@0.0),(b03)}
G={(00),(004)} ,H={(a04),(b06)}
k={(a0.6),(,04)} ,={(a06)(b0.3)}
N ={(a04),(03)} W={(06)(002)}

AndT={@ A B,C,D,E F G Hk, M N }beafuzzy topological on A
Band W are fuzzy Z-open sets but B n W is not fuzzy Z-open set.

2.10 Proposition:
Let (A,T) be a fuzzy topological space and D € p(A),
Then pzine5)(X) = Hizapey)c (X) VX EX
Proof :
Since pzine ) (X) < up (X)
And Zint (D) is a fuzzy Z-open set
Then upe(x) < ﬂzint(ﬁ)c(x) and Haa@yc () < /’lzint(ﬁ)c(x) )
Hencept, i 5)(X) < H(zc1(59))€ X) e ™
Since upe (X) < pypyc (X) and zcl(ﬁ)is a fuzzy Z-closed set
Thenu( e geyyc (X) < pp(X), Hence pq ey (X) < Uzine) (X)--oooennne (**)

From (%) and (**) We et iine(p) () =H(zercpy)C (X
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2.11 Definition

Let (A,T) be a fuzzy topological space uz be a fuzzy set of A a fuzzy point x € A is said to be a fuzzy Z- limit

point of B if for every fuzzy Z-open set G we have (G —x)n B= @

We shall call the set of all fuzzy Z- limit point of A the Z-derived set of A and denoted by d(A).
2.12 Proposition

Let (A,T) be a fuzzy topological space B < C < A then:

1) Cl(®=Bud(B)
2) B is Z-closed set iff d(B)
3) CI(B) cd(B)

Proof:

(=) Let X & pgs) then there exist a Z-closed set uz in pz such that uz € g and X € pg

Hence uy = X-pg is Z-open set such that X € upand min {uy, g } = ug

Therefor X & pg and X € pq(s) , then x € max {us , pas) }

Thus max{ uz , kas} S Ha)-

(=) x & max {ug , ugz ¥ implies that there exist a Z-open set py in g such that x € pyand

min {uy, pa } =1z -

Hence ug= pz-puy is Z-closed set in puz such that pz € py and X € pg

Hence X € pca) » Thus peyay € max { Uz, meuay}

Therefor 5= {15 . 1acs) } For (2) and (3) the proof is easy.

2.13 Proposition

Let (A,T) be a fuzzy topological space and B c A , then cl (B) is the smallest Z-closed set containing B
Proof :

Suppose that C is Z-closed set such that uz < pg .since Ues)= M5 Y Uacs) by proposition 2.11(1),
and pp S pg then pes) = up U ta) S B Y tae) S Be- ThUS ey S He

Therefor sy is the smallest Z-closed set containing B.
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2.14 Proposition

Let (A,T) be a fuzzy topological space , if G be a fuzzy open set in A and B is a fuzzy Z-open sets in A , then

G n B is a fuzzy Z-open set

Proof :

Since ug (X) = Hineey (¥) and pezy (X)= Hzine(s) (X) then

Min {iney (X) Hzinezy (¥) 3 < pzint (min { pg (), ug (x)}) (X)

And since pyine (Min { ug (), ug ()3 <min{ pg (x), us ()}
Thenwe get Min {{ ug (x), ug (x)}= tzine (Min {pg (), uz (x)}) (X)
Thus G N B is a fuzzy Z-open set in A.

2.15 Proposition:

Let (A,T) be a fuzzy topological space , if € be a fuzzy Z-opensetin A and B, is a maximal fuzzy open set

in A, then C n B is a fuzzy Z-open set in A
Proof : obvious
2.16 Proposition:

Let (4, T) is a fuzzy topological space , if B isa fuzzy setin A , then Gand is a fuzzy Z-open setin 4 , then G

T8¢ 2<(B).

Proof

(=) Let G G z-cI(B) , since B < z-cl(B)

Then G 7 B by remark ( 1.1.11)

(<) Suppose that G 7 B

Then ug(x) < pge (X) by proposition (1.1.10)

ANd Waine G ) (X) < Byine (56 (%), since (G ) is a fuzzy Z-open

Hence G G z-cl(B).

2.17 Definition [Hanafy, I. M., Benchalli,S.S.and Jenifer Karnel , A.M.Mubarkiali M.M.AL-Rshudi
M.A.AL-Juhani, V.Seenivasan, K, Kamala]

A fuzzy set B of a fuzzy topological space (4, T) is said to be :-
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1) Fuzzy b- open (Fuzzy b- closed) set if
pg < MaxX { Uinecerdy (X) o+ Ber anedy (X) 3
pg < min { tinecai) (X) 5 et nee X) 3
The family of all fuzzy B open set ( fuzzy B closed ) sets in A will be denoted by FBO(A) ( FBO(A) ) .
2) Fuzzy B- open (Fuzzy B -closed ) set if
K < { Heigineccn b
{inec(ine )} S Mo
The family of all fuzzy 5-open (fuzzyf- closed ) set in A will be denoted byFBO (4) (FBC(A)).
3) Fuzzy e-open (Fuzzy e-closed) set if
pg < Max { Uerines)(X) + Bine 15 X) I
pg = Min { ferines(3)(X) + fine (153X 3
The family of all fuzzy e-open (fuzzy e-closed )set in A will be denoted by FEO(A) (FEC(A)).
4) FuzzyB*- open (Fuzzy B*-closed ) set if
tg < max{ teigineccrcs (X) » Rinecers)(B) () }
pg = Mind Ueigine @) (X, Rine(ets) (B)(0)}}
The family of all Fuzzy B*-open (Fuzzy B*-closed ) set in A will be denoted by (F5*O (4)) (FB*C(A)).
2.18 Proposition:
Let (4, T) be a fuzzy topological space then:

1. Every fuzzy Z-open set (resp. fuzzy Z-closed set) is fuzzy b-open set (resp. fuzzy b-closed set).

2. Every fuzzy Z-open set (resp. fuzzy Z-closed set ) is fuzzy - open set (resp. fuzzy B -closed set).
3. Every fuzzy Z-open set (resp. fuzzy Z-closed set ) is fuzzy e - open set (resp. fuzzy e -closed set ).
4

Every fuzzy Z-open set (resp. fuzzy Z-closed set ) is fuzzy B* open set (resp. fuzzy g*-closed set )
proof :Obvious .

2.19 Remark:

The converse of proposition (2.13) is not true in general as following examples show:
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2.20 Example
A ={(a,0.9),(b,0.9) }
B ={(a,0.3),(,0.3) }
€ ={(a,0.2),(b,0.2) }
D ={(a,0.5),(b,0.5) }
E ={(a,0.4),(b,0.4) }
F={(a,0.6),(b,0.5) }
Then the fuzzy set F is a fuzzy b-open set but not fuzzy Z-open set
2.21Example:
A={(a,0.8),(b,0.8) }
B ={(a,0.4),(b,04)}
¢ ={(a,0.2),(b,0.2) }
D ={(a,0.5),(b,0.4) }
E ={(a,0.6),(b,0.4) }
F={(a,0.5),(b,0.5) }
Then the fuzzy set F is a fuzzy S-open and fuzzy B*-open but not fuzzy Z-open set.
2.22Example:
A ={(a,0.6),(h,0.6) }
B ={(a0.1),(,0.3) }

¢ ={ (a,0.4),(b,0.4) }
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D ={(a,0.4),(b,0.3) }
E ={(a,0.2),(b,0.2) }
F ={(a,0.5),(b,0.2) }
G={(a,0.2),(0,0.3) }
H={(a,0.1),(b,0.2) }, Let T={@,4, B,C, D, E ,G, H } be a fuzzy topology on A
Then the fuzzy set F is fuzzy e-open set but not fuzzy Z-open set
2.23 Remark

This diagram explain the relation between fuzzy (b-open, g-open, 8*- open ,e-open)sets with fuzzy Z-open set.

fuzzy

Z-open set

Diagram (1)

(2.24) Proposition:
Let (4, T') be a fuzzy topological space then:

Every fuzzy b-open set (resp. fuzzy b-closed set) is fuzzy S-open set (resp. fuzzy 8 —closed set) .
Every fuzzy B-open set (resp. fuzzy B-closed set) is fuzzy f*-open set (resp. fuzzy B*-open set).

Every fuzzy B*-open set (resp. fuzzy B*-closed set) is fuzzy e-open set (resp. fuzzy e-closed set).

> w0 DR

Every fuzzy b-open set (resp. fuzzy b-closed set) is fuzzy e -open set (resp. fuzzy e—closed set) .
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Proof: Obvious
(2.25) Remark:

The converse of proposition (L.4.2) is not true in general as following examples show:
2.26 Example

A={(a0.7),(b,0.7) }, B ={ (a,0.0),(b,0.4) }

¢ ={ (3,0.4),(b,0.0) }, D ={ (a,0.4),(b,0.4) }

E={(3,0.2),(b,0.2) }, F ={ (2,0.0),(b,0.2) }

G={(a,0.2),(b,0.4) }, A={ (3,0.2),(b,0.0) }

W ={ (a,0.4),(b,0.2) }, K ={(a,0.0),(b,05) }

Then the fuzzy set & is fuzzy B*-open (resp. fuzzy b-open ) but not fuzzy e-open set.
2.27Example:

A={(a,05),(b,0.5) }, B ={ (2,0.2),(b,0.1) }

¢ ={ (3,0.3),(0,0.2) }, D ={ (3,0.2),(b,0.2) }

Then the fuzzy 8- open set but not fuzzy b-open set.

2.28 Example:

Let X={a,b} and B, C,D,E,F , G, H are fuzzy subset in A where:

A ={(a,0.6),(0,0.6) }, B ={ (3,0.6),(b,0.1) }

¢ ={ (3,0.0),(b,0.2) }, D ={ (a,0.5),(b,0.2) }

E={(@00),0,01)}, F ={ (a0.6),(b0.2) }

G={ (a,0.5),(b,0.1) }, H={ (3,0.0),(b,0.4) }

Let T={@,4, B,C,D,E, F,G } be a fuzzy topology on A
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Then the fuzzy set H is fuzzy p*-open set but not fuzzy -open set.
2.29 Example

A={(a,0.7),(b,0.7) }, B ={ (a,0.5),(b,0.5) }

€ ={(a,0.4),(b,04)},D={(a0.2),(b,0.2) }

E={(3,03),(h,0.3)}

48


file:///C:/Users/user/Desktop/March%202013%20Vol%205%20No%202/Final%20Draft/www.aasrc.org/aasrj

www.aasrc.org/aasrj American Academic & Scholarly Research Journal Vol. 8, No. 4, June 2016

2.30Remark

This diagram explain the relation between some type of fuzzy (b-open, g-open, 5*- open ,e-open)sets with fuzzy Z-

open set

Fuzzy
z-open set
Fuzzy
N <€
e-open set
]
< |
)
\ 4
Fuzzy
> b-open set
I i .
< |
A
Fuzzy
> B-open set
< :
/)
A 4
Fuzzy
F I B*-open set
1 >

Diagram (2)
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