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On Some Types of Fuzzy e - Continuous Functions in Fuzzy

Topological Space on Fuzzy Set
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Abstract. The aim of this paper is to introduce fuzzy e -open set and to find different characterization
of fuzzy e -continuous function and to show the relationships between them ,where we confine our
study to some of their types and giving some properties and theorems related to it.

l. Introduction

The concept of fuzzy set was introduced by Zadeh in his classical paper in 1965.The fuzzy Topological
space was introduced by chang in 1968.Chakrabarty and Ahsanullah introduced the notion of fuzzy
topological space on fuzzy set.M.E.El.Shafei and A.Zakeri defined fuzzy e -open sets. the concept of
fuzzy e — continuous has been introduced by Yalvas ,Mukherjee and Sinha . fuzzy almost continuous
function which had been defined by Azad .In this paper we introduce fuzzy e -open set and study
some kind of fuzzy e -continuous function and the relationships between them.

1. fuzzy topological space on fuzzy set

1.1 Definition [Zadeh, L.A] :Let X be a non empty set, a fuzzy set A in X is characterized by a
function

uz: X -1 ,where 1 = [0,1]whichiswrittenas A = {(x,pz(x)): X€X ,0 < puzx(x) < 1},
the collection of all fuzzy sets in X will be denoted by I¥ that is
¥ ={ A: Aisa fuzzy sets in X} where yj is called the membership function

1.2 Proposition [Wong, C. K] :

Let A and B be two fuzzy sets in X with membership functions pz and pg respectively,

then forall xe€ X:-

1 pex)=0

2. Ac B ifandonlyif pz(x) < pg(x).

= B ifandonlyif pz(x) = ug(x).

w
>

4. C=ANnB ifandonlyif pe(x)=min{ uz(x), ug(x) }.

5. D=AUB ifandonlyif py(x)=max{ uz(x), pg(x)}.

1.3 Definition [Kandill A, S. Saleh2 and M.M Yakout3]_:A fuzzy point x,. is a fuzzy set such that :
() = r>0 if x=y, vye X and

b = 0 if x #y,vye X

The family of all fuzzy points of A will be denoted by FP(A)
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1.4 Remark [Chakraborty M. K. And T. M. G. Ahsanullah] :
Let A€ IX,then P(A) = {B:Be I¥X, BcA }

1.5 Definition [Mahmoud F. S, M. A. Fath Alla, and S. M. Abd Ellah,]:If B € (A,T) ,the complement
of B referred to A denoted by B is defined by

Hpe@®) = 1z ()~ W) V X EX

1.6 Definition [Chang, C. L]_:A collection T of a fuzzy subsets of A, such that T < P(A) is said to be
fuzzy topology on A if it satisfied the following conditions

1. A,¢ €T

2. If B,Ce T,then BnC €T

3. If Bye T,then U,.B, €T, a€4

(A,T) is said to be Fuzzy topological space and every member of T is called fuzzy open set in A and
its complement is a fuzzy closed set

1.7 Definition [Balasubramanion G.] :A fuzzy set B in a fuzzy topological space (A ,T) is
said to be a fuzzy neighborhood of a fuzzy point x, in A if there is a fuzzy open set G in A
such that

, < Gc B

1.8 Definitions [Bai Shi — Zhong, Wang Wan — Liang, Balasubramanion G.] :

Let B, C be a fuzzy set in a fuzzy topological space (A , T) then:

e A fuzzy point x, is said to be quasi coincident with the fuzzy set B if there exist x € X such that
uXr(x)+ Hg(X) > pz(x) anddenote by x.qB , if uXr(x) + pug(x) < pz(x) vx € X thenx,
is not quasi coincident with a fuzzy set B and is denoted by x, q B.

e A fuzzy set B is said to be quasi coincident (overlap) with a fuzzy set C if there exist x € X such

that p;(x) + ue(x) > pz(x) and denoted by BqC, if MO+ pe(X) < puz(x) vx €X  then B
is not quasi coincident with a fuzzy set C and is denoted by B @ C.

2. fuzzy e-open set

2.1Definition :A fuzzy set B in a fuzzy topological space (A ,T) is said to be

Fuzzy 0-open set if for each x, in B there exist an fuzzy open set ¢ containing x, such that
Cl(Int(C)) c B, Bis called [Fuzzy 8-closed ] set if its complement is Fuzzy 6-open set.The family
of all Fuzzy 6-open (Fuzzy 6-closed) sets in A will be denoted by FOO(A) ( FOC(A)).

2.2 Example :

Let X ={a,b,c}and B , C be fuzzy subsets of A where:
A={(a,07),(b,07),(c,06)},

B ={(a,03),(b,02),(c,02)},

¢ ={(a.04),(b,05),(c,04)},

LetT ={ @ ,A ,B, C}, be a fuzzy topologies on A,

Then the fuzzy set B in fuzzy topological space (A, T) is fuzzy 6-open set.

2.3 Definition [ Seok Jonng and Sang Min Yun] : A fuzzy set B in a fuzzy topological space (A ,T) is
called fuzzy #-quasi neighborhood of a fuzzy point x, in A if there is a fuzzy 6-open set G in A such that
x,qGandGc B
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2.4 Proposition

Let B and C be fuzzy sets in a fuzzy topological space (A , T), then ;

Hoc1(@) () = pg(x) and poay(X) = pa(x) .

If pg(X) < pe(X) then pga)(X) < Mo (X) -

HE(X) < Hoacs)(X) -

Hoci(aci(B)) (X) = Hoccs)(X) -

Hocl(min (ug (), uzCop(X) < Min{ pec@(X) \ Hoa(e)(X) }-
Hocl(max {(ug (), ué(x))(X) = max { Hecl(B‘)(X) » Hocioy () }-
Proof :obvious

AR S .

2.5 Proposition: Let (A ,T) be a fuzzy topological space and B € P(A), Then
Hoin@ () = Hepei@ep)(X)

Proof :

Since Pgine(@)(X) < Hz(x)

And eint(B) is a fuzzy e-open set

Then  pge(x) < Hgine@)yc®) and  poacgey(X) < Kegineasye (X), hence

Hoint(8) ) < Beaa@eye®) -vooen. (*)

Since pge(x) < pg(ge)(x) and Bcl(B) is a fuzzy 6-closed set then Hpar@eyc () < ps(x)
Hence  pepacgeyc(X) < Hgine@y(X) ovvveeneeenn (**

From (*) and (**) we get  pging)(X) = Hga@eye(x) =

3.some types of fuzzy e-continuous function

3.1Definition [Zadeh, L.A. ]:Let f be a function from (A ,T) to (B, T). Let D be a fuzzy subset in
Bwith membership function p;(B) Then, the inverse of Dwritten as f~*(D), is a fuzzy subset of A
whose membership function defined by: g1 5, (x) = p; (f(x)), for all X in A

Conversely, let C be a fuzzy subset in A with membership function p:(4) . The image of C written as

f(C), is a fuzzy subset in B whose membership function is given by:
Forally eB., where f*(y) = {x : f(x) = y}

3.2 Theorem [Qutaiba Ead Hassan]

Let f be a function from A to B, and Jx be any index set. The following statements are true.
1. IfC cA, thenf(C ) f(C 9.

2. If D cB, then f(D)° c f(D").

3. IfCy,C, cAdand C;cCythen f (C,) <f(C,)

4. IfD;,D, c B and Dyc=D, then f (D,) < f~(D,)

5. 1fC c 4, then Cc FYF(C)).

30


file:///C:/Users/user/Desktop/March%202013%20Vol%205%20No%202/Final%20Draft/www.aasrc.org/aasrj

Www.aasrc.org/aasrj American Academic & Scholarly Research Journal Vol. 8, No. 4, June 2016

6. IfDcB , thenf(f'(D))cD

7. IfCicA ,foreveryielthenf Uj_A; =Uic A

8. IfD;cB foreveryiel, thenf™* [_;B;=1I.,f1(B))

9.If D; B, foreveryi e I, thenf™* U;_; B, = U; o ,f1(B))

10.1f fisonto and D c B then f(f"1(D)) = D

11.1fC,D c A ,thenf(CAD ) f(C)nf(D ).

12.Let f be a function from A to B and g a function from B to Z. If D c Z, then (gof) (D) = f (g *(D));
if C cA,then (gof)( C)=g(f(C)))

3.3 Definition [Chakraborty M. K. And T. M. G. Ahsanullah]:A function f : (4, T) — (B,U) is

fuzzy continuous (F-continuous) if and only if the inverse image of each fuzzyU-open set is fuzzy

T -open set.

3.4 Definition [ Park ,J.H.,Lee,B.Y.and Choi,J.R]:A function f : (4, T) — (B, T) is said to be

1.fuzzy @-continuous (f.0.c, for short) if for each fuzzy point x,. in (4, T) and each fuzzy open g-nbd. of 7 f(x,),
there exists fuzzy open g-nbd. U of x, such that f(cl(T )  (c1(V ).

2.fuzzy strong -continuous (f.s.0.c, for short) if for each fuzzy point x,. in (4, T) and each fuzzy open g-

nbd. ¥ of f(x,), there exists fuzzy open g-nbd. Uof x, such that f(cl(T ) < (V).

3. fuzzy weak ©-continuous (f.s.0.c, for short) if for each fuzzy point x, in (4, T) and each fuzzy open g-nbd. 7

of f(x,), there exists fuzzy open g-nbd. Uof x, such that f(int(cl(T)) ) < cl(V )

4. fuzzy super 0-continuous (f.s.0.c, for short) if for each fuzzy point x, in (4, T) and each fuzzy open
g-nbd. 7 of f(x,), there exists fuzzy open g-nbd. Uof x, such that f(int(cl(T)) ) = (V )

5. fuzzy almost-continuous (f.s.0.c, for short) if for each fuzzy point x, in (4, T) and each fuzzy open
g-nbd. 7 of f(x,), there exists fuzzy open g-nbd. U of x, such that f(T ) < int(cl(V )).

3.5 Proposition: Every fuzzy strong 6-continuous function is fuzzy super 6-continuous function.

Proof:

Let a function f: (4, T) — (B, f)_be fuzzy strong 6-continuous function, By definition of fuzzy
strong ©-continuous function, Hea(@)X) < W@ yX)

ecint(el(@)) X S Hingw) ) = 1o)X
Hence WeGint(cl (D)) )®) < pwHX) Then by definition of fuzzy super 6-continuous function f is fuzzy
super 9-continuous.

3.6 Proposition: Every fuzzy super 6-continuous function is fuzzy continuous function.

Proof :obvious
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3.7 Remark :The converse of proposition(3.6) is not true in general as the following example shows:-

3.8 Example:

Let x be any non-empty set and a,b €x

LetT={4,$ .B,C,D} ,T={4, & .C}

A = {(a,0.9),(b,0.9)}

B ={(a04),(,04)} B°={(0.5),(b,0.5)}
€ ={(a,03),(b,0.3)} C°={(a0.6),(b,0.6)}
D ={@a02),(b02)} D¢={(a0.7),(b,0.7)}

Let f: (4, T)——> (4, T) be the identity function

Let x, = {(a,0)(b,0.1)} then D is fuzzy open g-nbhd of x, in (4, T)

Such that g5y (%) =Hge(X) = Hine(erd) (X) =Hintge) (X) =Kz (X) -

AN Weiine(erdy) X =HE (X)) £ ve ).

C is fuzzy g-nbhd of x, in(4, "f) hence f is continuous function but f is not supper continuous function.

3.9 Proposition: Every fuzzy continuous function is fuzzy almost-continuous function.

Proof :obvious

3.10 Remark:The converse of proposition(3.9) is not true in general as the following example shows:-
3.11 Example:

Let x be any non-empty set and a,b €x any fixed element
let T={4,$ ,B,C,} ,T={4, & ,D ,C}

A =1{(a,09),(b,09)}

B={(03),(b,04)} B°={(a0.6),(b0.5)}

€ ={(a,0.6),(b,0.5} C°={(a03),(bo0.4)}

D ={(a,0.2),(b,0.1)} D ={(a 0.7),(b,0.8)}

Let f: (4, T) ——> (4, T) be the identity function

H(int(cl(B)) x) =W x)

H(int(cl(6)) €9) =K €9

Therefore B, C are fuzzy regular open sets of (4, T)while D is not, and we have ey = M@y » Mee) =
) » ey (X) = B, Such that pe gy (X) < Haneceua) (X) =) similary with €

It is obvious that f is a fuzzy almost-continuous function.

Since pe15y (%) =H(y) (x) but D €(4, T) so f is not fuzzy continuous function.

3.12 Proposition: Every fuzzy almost-continuous function is fuzzy 6-continuous function.

Proof :obvious
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3.13 Remark: The converse of proposition(3.12) is not true in general as the following example
shows:-

3.14 Example:

let T={4, ¢ B} ,T={4,$ D C}

A ={(a,0.9),(b,0.9)}

B =1{(05),(,02)} B°={(a04),(b0.7)}
€ ={(a,04),(b,0.4)} C°={(a,0.5),(b,0.5)}
D =1{@04),(,07)} D°={(a0.5),(b02)}

Let f: (4, T)—— (4, T) be the identity function
RaE)y® = 1eo ) Kae)®) = keo )

Let x,be a fuzzy point in (4, T) and 7 be any fuzzy open g-nbd of f(x,)in (4, T) if Wy (%) = ey )
then we choose p g (x) = pg) (%) and thenT 1s fuzzy open g-nbd of( x,) such that

Becar(@) R =Hea ) ®=ene) )=o) (%) and @) K =Hea(e)) K =Kee (x) Since

HEey (X) < peey(x) hence Me(ai()) x) < Ha@) x)

So f is fuzzy 6-continuous function.

Now € is fuzzy open g-nbd of f(x,) in (4, T) and B, A are fuzzy open g-nbd of f(x,)in(4, T) .since
k)X = ke & Baey® =Hes & AN Pangae) (X = Kaneen®) = Ke(x)  there for
MeE) X £ Heinecercey (%)

Hence f is not fuzzy almost-continuous function.

3.15 Proposition: Every fuzzy 6-continuous function is fuzzy weak 06-continuous function.

Proof :obvious

3.16 Remark: The converse of proposition(3.15) is not true in general as the following example

shows:-
3.17 Example:

Let x be any non-empty set and a,b €x any fixed element
let T=(4,& B} ., T={4 & ,C}

A =1{(a,09),(b,09)}

B =1{(a06),(b,07)} B ={(0.3),(b0.2)}

€ ={(a,04),(b,0.2)} C°=1{(a0.5),(b,0.6)}

Let f : (4, T) —— (4, T) be the identity function

M@y ®) =hea () Beaey ®) =hee K)

Let us consider x, be a fuzzy point in(4, T) now C is a is fuzzy open g-nbd of f(x,) in (4, T) since
RaE)y® = weE) & K@) heo
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Mineca(8)) ) =H(E), (%) and i)y (%) =peze) (%)
Meneca(8) (X)) < W) (%) hence fis fuzzy weak 6-continuous function

But pea(a)) (¥) £ mea(e) (®) hence fis not fuzzy 6-continuous function

fuzzy strong 6-continuous function

&5
i

‘ fuzzy super 6-continuous function |

&
b

‘ fuzzy continuous function |

-
[

‘ fuzzy almost - continuous function |

&
¥

‘ fuzzy 6-continuous function |

¢4
i+

‘ fuzzy weak 0-continuous function |

3.18 Theorem:

For a function f : (4, T) — (B, T), each of the following statements equivalent:
(a) fis fuzzy ©6-continuous function.

(b) For each fuzzy set C in4, f(8cl(C)) S (Bclf (C)

(c) ForeachfuzzysetD inB , eclf™* (D) € f~Yecl(D)

(d) For each 6-closed set D in B, (D) is a fuzzy 6-closed in A.

(e) For each 6-open set D in B, f(D)is a fuzzy 06-open in 4.
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(f) For each open set Din B, eclf~1(D) < f~cl(D)
Proof:

(@) = (b). Let py, ) < My G be and let G any open

g-nbd. of f(x,.). Then there exists an open g-nbd. V' of x, such that Heciv) < ch(c")i-e-: fis a fuzzy
6-continuous.

NOW fy, ) < Moy (V) g C= f(cl(V)) q (C)

cl(@) A f(C) \ Hrte, ) = MocifSy Mo ) = Me-tocucys TUS, Hogycy < Hetocy(S)

so that feper(cy) < Hocif(C)

(b) = (¢). BY (b) Ktoqerr1(5) < Mocrrr2(5) < Mocif (D)

Which implies that Hoct(-1(D) = Hilocy(D)

(¢) = (d). We have w5y = Ky

Now by (C) oeyr1(5) = Mtoc1(D)= He1(D)

Mo(cr-1(Dy < He1(m)

For each fuzzy 06-closed setD in B. (D ) is a fuzzy 6-closed inA

(e) = (f). Since D be a fuzzy open inB, Moy 15)=Hocr(py@Nd We have from (€) o 15y < Me1001(5)-
We have fo. 15y < He-10(p)

(@) = (a). Letx; be a fuzzy point inA and V'be a fuzzy open g-nbd. of f(x;). Then .,y () isa
fuzzy open in B. By (f), we have poq1¢i_ciewy < We-teriizeoiy = K-t (int(ev)

Then there exists a fuzzy open g-nbd. G of x, such that

cl(G)q (4 -FHcl(V))) so thatig ) < e

Hence, f is a fuzzy 6-continuous function. 1l

3.19Theorem:

For a function f : (4, T)—> (B, T), the following are equivalent:
(a) fis fuzzy strong 6-continuous.

(b) f(Bcl(C)) € (clf (C))for every fuzzy set C in A.

(c) eclf™1 (D) < f~1cl(D)for every fuzzy set D inB.
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(d) The inverse image of every fuzzy closed set in B is fuzzy 6-closed in 4, i.e., every fuzzy closed
set D in B, f(D) is fuzzy 6-closed in 4.

(e) The inverse image of every fuzzy open set in B is fuzzy 6-open in 4, i.e., every fuzzy open set D
in B, (D) is a fuzzy 6-open in A.

Proof:

(@) = (b). Let py, ) < My be and let V any open

g-nbd. of f(x,.). Then there exists an open g-nbd. U of x, such that Heacuy < Beil-e., Fisafuzzy 6-

continuous.

NOW K ) < Hou(cy = cl(U) qC=f(cl(V)) qf(C) =V q f(C) =pyx, ) < et (G

= e ) = M1

Hence, o) < He1arc)@Nd SO Uegercyy < Heirc)

(b) = (c). Let D be a fuzzy set inB.

BY (0)) Heo(crr1 (o) S Mere1m) < Mocis(n)

= Weorr1(0) = He®) = M et (0)) = HLe(p)

<

= HeaE o) = W tam)

(c) = (d). Let D be a fuzzy closed inB.

By (c), we havep, 15y < Ke1am)= He1(p)

(since B closed), which implies that He1(5)= Moci(F1(D)

Hence f~1(D), is fuzzy 6-closed

(d) = (e). Let D be a fuzzy open inB.

Then p;_p5)(X) is a fuzzy closed and by (d), ug-1¢i_py= Heior15)is fuzzy O-closed.

Hence, f~1(D)is fuzzy 6-open.

(e) = (a) Letx, be afuzzy point inA and Vbe a fuzzy open

g-nbd. of f(x,) by (€) pe-1y, is fuzzy 6-open inA

Now, f(x;) qx; = x; q fﬁl(v) = Ux ) ¥ HA-f1(V)

Hence pj_¢-147) (X) is fuzzy 6-closed set such that py y % Hi_F1(v)

Then, there exists fuzzy open g-nbdU ofx,, such that cl(U) /Q’ (4 - £1(V)), which implies f(cl(U)) V.

This shows that f is fuzzy strong 6-continuous function. W
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