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1. Introduction 

In his classical paper [L. A. ZADEH] in 1965 Zadeh introduced the notation of fuzzy sets and fuzzy set 

operation. Subsequently, Chang [C. L.CHANG], applied some basic concepts from general topology to 

fuzzy sets, he also developed a theory of fuzzy topological spaces.  In this paper we study some 

properties of fuzzy topological groups, and by depending on concepts introduced in [I. M. Hanafy] and 

[N.R.Da𝑠𝑎,∗ ,prabin da𝑠𝑏] we define the new concept named by  -fuzzy topological group, also we 

proved some properties on it.  

 

 

2. Preliminary 

2.1 Definition [D. H. Foster] 

Let 𝑋 be a set and  the unit interval [0.1].a fuzzy set �̃� in 𝑋 is characterized by a membership function 

𝑀𝐴 which is associate with each point 𝑥 ∈ 𝑋 its “grade of membership” 𝑀𝐴 ∈ Ι 
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2.2 Definition 2.2. [TUNA HATICE YALVAC]  

Let f  be a mapping from  X  to a set Y. Let B
~

  be a fuzzy set in Y, with membership function 

B
M ~  . Then the inverse image of  B

~
 written )

~
(1 Bf 

is the fuzzy set in X with membership 

function defined by 

XxallforxfMxM
BBf

 ))(()( ~
)

~
(1  

Conversely, let A
~

 be a fuzzy set in X   with membership function 
A

M ~  then the image of  A
~

 

written )
~

(Af , is the fuzzy set in Y with membership function defined by 

 




 





otherwise0

)(if)(,:)(sup
)(

1
~

)
~

(

yfyxfXxxM
yM A

Af
 

for all Yy  where  yxfxyf  )(/)(1

 

 

2.3 Theorem [TUNA HATICE YALVAC] 

Let f be a function from X to Y and I be any index set. Then the following Statements are true. 

1-if XA
~

then )
~

()
~

( CC AfAf   

2-if YB 
~

then
CC BfBf )

~
()

~
( 11    

3-if and 
21

~~
AA  then )

~
()

~
(

21
AfAf   

4-if YBB 
21

~
,

~
 and 

21

~~
BB  then )

~
()

~
(

2

1

1

1 BfBf    

5-if XA
~

then ))
~

((
~ 1 AffA   

6- if XB 
~

 then BBff
~

))
~

(( 1 
 

7-if IieveryforXA
i


~

then 
Ii

i
Ii

i
AfAf



 )
~

()
~

(  

8-if IieveryforYB
i


~

then 
Ii

i
Ii

i
BfBf







  )
~

()
~

( 11
 

9- if IieveryforYB
i


~

then 
Ii

i
Ii

i
BfBf







  )
~

()
~

( 11
 

10- if XAA 
21

~
,

~
then )

~
()

~
()

~~
(

1221
AfAfAAf    

11- if f   is one to one and XA
~

then ))
~

((
~ 1 AffA   

12-if f  is onto and XB 
~

then BBff
~

))
~

(( 1 
 

XAA 
21

~
,

~
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13-Let g be a function from ZtoY if ZB 
~

then 

))
~

(()
~

()( 111 BgfBgof    and if XA
~

then ))
~

(()
~

)(( AfgAgof   

14- if f  is bisection then for XA
~

then )
~

()
~

( CC AfAf   

 

2.4 Definition.[ R. Lowen] 

A fuzzy topology is a family T
~

of fuzzy sets in X  which satisfies the following conditions  

1- ]1,0[
~

 cTk
c

 

2- if then TBA
~~~

  

3-if IiTA
i


~~

then TA
Ii

i

~~




  

the pair )
~

,( TX is a fuzzy topological space (FTS).Every member of T
~

 is called a T
~

-open fuzzy 

set in )
~

,( TX (or simply open fuzzy set) and complement of a open fuzzy set is called closed fuzzy 

set 

 

2.5 Definition [N.R.Da𝒔𝒂,∗ ,prabin da𝒔𝒃,] 

A fuzzy topology  �̃�  on a group 𝐺 is said to be compatible if the mapping 

𝑔: (𝐺 × 𝐺, �̃� × �̃�) → (𝐺, �̃�) , 𝑔(𝑥, 𝑦) = 𝑥𝑦 

and  

ℎ: (𝐺, �̃�) → (𝐺, �̃�), ℎ(𝑥) = 𝑥−1 

are fuzzy continuous 

 

2.6 Definition. [N.R.Da𝒔𝒂,∗ ,prabin da𝒔𝒃,] 

A group 𝐺 equipped with a compatible fuzzy topology �̃� on 𝐺 is called a fuzzy topological group 

(FTG) 

 

2.7 Quotient group  

Let  𝐺 be a group and 𝐻be a normal subgroup of 𝐺 for each  𝑥 ∈ 𝐺, Let 𝑥𝐻  denote the unique coset to 

which 𝑥 belongs in the decomposition of 𝐺 into pair wise disjoint cosets. Let 𝜑: 𝐺 → 𝐺 𝐻⁄   define by 

𝜑(𝑥) = 𝑥𝐻 

It is easy to check  𝜑  is homomorphism of 𝐺 into  𝐺 𝐻⁄ . 

To show this let 𝑥, 𝑦 ∈ 𝐺 , 𝜑(𝑥𝑦) = 𝑥𝑦𝐻 = 𝑥𝐻𝑦𝐻 = 𝜑(𝑥)𝜑(𝑦) Hence 𝜑 is homomorphism. 

 

TBA
~~

,
~
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2.8 Quotient fuzzy topology on 𝐺 �̃�⁄   as follows: 

A fuzzy set �̃� in 𝐺 𝐻⁄  is open fuzzy if and only if 𝜑−1(�̃�) is open fuzzy in 𝐺.Note that �̇̃� =

{𝑎𝐻; 𝑎 ∈ �̃�}is open fuzzy if and only if ∪ {𝑎𝐻;   𝑎 ∈ �̃�} is an open fuzzy in 𝐺 

 

2.9 Theorem [N.R.Da𝒔𝒂,∗ ,prabin da𝒔𝒃,]  

Let (𝐺, �̃�) be an FTG and a, b∈ 𝐺 then  

1- The translation maps  

𝑟𝑎: (𝐺, �̃�) → (𝐺, �̃�) , 𝑟𝑎(𝑥) = 𝑥𝑎 

and 

𝑙𝑎: (𝐺, �̃�) → (𝐺, �̃�) , 𝑙𝑎(𝑥) = 𝑎𝑥 

2- The inversion map 

𝑓: (𝐺, �̃�) → (𝐺, �̃�) , 𝑓(𝑥) = 𝑥−1 

and the map  

                               𝜑: (𝐺, �̃�) → (𝐺, �̃�) , 𝜑(𝑥) = 𝑎𝑥𝑏   

      are all fuzzy homeomorphisms.  

 

3. Fuzzy topological group 

3.1.Theorem  

Let 𝐺 be a group having fuzzy topology �̃� then (𝐺, �̃�) is FTG if and only if the map 𝑔: (𝐺 × 𝐺, �̃� ×

�̃�) → (𝐺, �̃�) define by 𝑔(𝑥, 𝑦) = 𝑥𝑦−1 is fuzzy continuous  

 

3.2.Theorem  

Let (𝐺, �̃�) be FTG, �̃�, 𝐵
 

̃  𝐺, 𝑔 ∈ 𝐺 then  

1- �̃� open fuzzy implies �̃�𝑔 , 𝑔�̃� , 𝑔�̃�𝑔−1 𝑎𝑛𝑑 �̃�−1 are open fuzzy 

2- �̃� closed fuzzy implies �̃�𝑔 , 𝑔�̃� , 𝑔�̃�𝑔−1 𝑎𝑛𝑑 �̃�−1 are closed fuzzy  

3- �̃� open fuzzy implies �̃��̃�𝑎𝑛𝑑�̃�𝐴 ̃  open fuzzy 

4- �̃� closed fuzzy  and �̃� finite implies �̃��̃�𝑎𝑛𝑑�̃�𝐴 ̃  closed fuzzy . 

Proof:  

 1 and 2    𝑟𝑎  , 𝑙𝑎  𝑓, 𝜑    being fuzzy homeomorphism. Are all open fuzzy and closed fuzzy  

3-�̃��̃� =∪ {�̃�𝑏; 𝑏 ∈ �̃�}  is the union of open fuzzy sets and hence open fuzzy similarly for �̃��̃�                                                                                                                                                    

4-Similarly as above.   ∎ 

 

3.3.Definition  

A FTG  𝐺 is called fuzzy homogenous if for any 𝑎, 𝑏 ∈ 𝐺  there is a fuzzy homeomorphism 

 𝑓: 𝐺 → 𝐺  𝑠. 𝑡  𝑓(𝑎) = 𝑏. 
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3.4 Theorem  

A  FTG is a fuzzy homogenous space. 

Proof: 

Let 𝐺 be a FTG and 𝑥1, 𝑥2 ∈ 𝐺  𝑡𝑎𝑘𝑒  𝑎 = 𝑥1
−1𝑥2  

 𝑓(𝑥) = 𝑟𝑎(𝑥) = 𝑥𝑎 = 𝑥𝑥1
−1𝑥2      𝑖𝑚𝑝𝑙𝑖𝑠𝑒  𝑓(𝑥1) = 𝑥2 by theorem 2.9  𝑓 is fuzzy homeomorphism  ∎ 

 

3.5 Theorem  

A non trivial FTG has no fixed point properties  

Proof: 

Let 𝐺 be a FTG, 𝑎 ∈ 𝐺  with 𝑎 ≠ 𝑒 now the map 𝑟𝑎: 𝐺 → 𝐺  is fuzzy continuous suppose 𝑟𝑎(𝑥) = 𝑥 for 

some 𝑥 ∈ 𝐺 𝑥𝑎 = 𝑥  Implies  𝑎 = 𝑒 which is contradiction to the concepts that 𝑟𝑎 has no fixed point, 

hence  𝐺 has no fixed point properties  ∎ 

  

3.6 Theorem  

Every open fuzzy subgroup of FTG is closed fuzzy  

Proof: 

Let 𝐺 be a FTG and �̃� be open fuzzy subgroup of 𝐺 

𝐺 − 𝐻 =∪ {𝑔𝐻; 𝑔H̃}={𝑟𝑔(𝑥); 𝑔H̃}  which is open fuzzy by theorem 3.2   There fore  �̃� is closed 

fuzzy  ∎ 

 

3.7 Theorem  

Let 𝐺 be FTG and 𝐻 be a fuzzy subgroup of 𝐺.let 𝐺 �̃�⁄   be quotient space, endowed with the quotient 

topology and 𝜑 the canonical mapping of   𝐺 into 𝐺 𝐻⁄    

Then  

1- 𝜑 is onto 

2- 𝜑 is fuzzy continuous  

3- 𝜑 is fuzzy open 

Proof: 

1- Let 𝑝 ∈ 𝐺 𝐻⁄   implies 𝑝 = 𝑥𝐻 = 𝜑(𝑥) we get 𝜑 is onto 

2- It is clear from definition  

3- Let �̃� be any open fuzzy in 𝐺 we have show that 𝜑(�̃�) is open fuzzy in 𝐺 𝐻⁄    i.e.  𝜑−1(𝜑(�̃�)) is 

open fuzzy in 𝐺. 

𝜑−1 (𝜑(�̃�)) = {𝑥; 𝑥 ∈ 𝑎�̃� 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑎 ∈ �̃�} = �̃�𝐻 

By theorem 3.2   �̃��̃�  is open fuzzy, therefore 𝑓 is fuzzy open mapping ∎ 
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3.8.Theorem  

Let 𝐺 be FTG and 𝐻 be fuzzy subgroup of 𝐺 then 𝐺 𝐻⁄    is fuzzy discrete topological space if and only 

if 𝐻 is open fuzzy 

Proof: 

Let 𝐺 𝐻⁄    be a fuzzy discrete topological space then each subset of  𝐺 𝐻⁄    is open fuzzy and hence 

each singleton is open fuzzy in particular 𝐻 is fuzzy point of  𝐺 𝐻⁄   , there for 𝐻 is open fuzzy 

Conversely, let 𝐻 be open fuzzy so is 𝑥𝐻 open fuzzy for each 𝑥 ∈ 𝐺 by theorem 3.2  This show that 

each singleton {�̇�} is open fuzzy in 𝐺 𝐻⁄    , Therefore  𝐺 𝐻⁄    is fuzzy discrete space  ∎ 

 

3.9 Theorem  

Let 𝐺 be FTG and 𝐻 normal fuzzy subgroup of 𝐺 and 𝐺 𝐻⁄    endowed with the quotient fuzzy 

topology, is FTG. 

Proof: 

Let 𝐺 be FTG to prove (�̇�, �̇�) → �̇��̇�−1 of  𝐺 𝐻⁄ × 𝐺 𝐻⁄   𝑜𝑛𝑡𝑜 𝐺 𝐻⁄  is fuzzy continuous. Let �̃̇� be any 

open fuzzy of  �̇��̇�−1 where �̇� = 𝑥𝐻 𝑎𝑛𝑑 �̇� = 𝑦𝐻 clearly 𝜑−1(�̃̇�) is open fuzzy in 𝐺 and 𝑥𝑦−1 ∈

𝜑−1(�̃̇�) , since 𝐺 is FTG ∃ 𝑈, �̃�𝑖𝑛 𝐺 such that 𝑥 ∈ 𝑈, 𝑦 ∈ �̃� and  𝑥𝑦−1 ∈  𝑈�̃�−1 𝜑−1(�̃̇�) �̇��̇�−1 ∈

𝜑(𝑈)𝜑−1(�̃�) ⊆ 𝜑 (𝜑−1 (�̃̇�)) = �̃̇� by theorem 3.7 𝜑is open fuzzy mapping we get there exist an 

open sets 𝜑(𝑈) and 𝜑(�̃�−1) of �̇� 𝑎𝑛𝑑 �̇�−1 respectively there fore   𝐺 �̃�⁄  is FTG ∎ 

 

4.
 
  - fuzzy topological group 

4.1 Definition  

Let G  be a group and )
~

,( TG  be a fuzzy topological space. )
~

,( TG is called   - fuzzy 

topological group or -FTG for short if 

the maps )
~

,()
~

,()
~

,(: TGTGTGg   defined by xyyxg ),(  and 

)
~

,()
~

,(: TGTGh  defined by 
1)(  xxh  are fuzzy M -continuous 

 

4.2 Theorem  

LetG be group having fuzzy topology. )
~

,( TG is  -FTG if and only if the mapping

)
~

,()
~

,()
~

,(: TGTGTGg   is defined by 
1),(  xyyxg  is fuzzy M -continuous. 
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4.3 Theorem  

Let a be a fixed element of  -fuzzy topological group )
~

,( TG then the mappings 

11 )()(,)(,)(   axaxgandxxfaxxlxaxr
aa

  

of )
~

,( TG  onto )
~

,( TG are 

fuzzy M -homeomorphisms of G  

Proof:  

It is clear 
a

r  is one to one and onto 

Let W
~

 be any  -open fuzzy set containing xa since )
~

,( TG is  -FTG there exist  -open fuzzy 

set WaUtsxofU
~~

.
~

  we get WUr
a

~
)

~
(   

Hence 
a

r  is fuzzy M -continuous, It is easy to see that 
1

a
r  of 

a
r is the mapping 

11
)( 
 xaxr

a
 which is fuzzy M -continuous by the same way of 

a
r  ,Therefore 

a
r is M -

homeomorphism .Similarly for 
a

l  

Finally the composition of two fuzzy M -homeomorphisms 

axxlandxaxr
aa   )()( 11

  is fuzzy M -homeomorphisms  

Hence 
11

)()( 
 axaxlrxg

aa
  is fuzzy M -homeomorphisms  ∎ 

 

4.4 Corollary  

Let F
~

 be  -closed fuzzy,  P
~

 be an  -open fuzzy and A
~

 any subset of  -FTG )
~

,( TG  and 

Ga  then  

1- FaaF
~

,
~

 and
1~F  are  -closed fuzzy 

2-
1~~~

,
~~

,
~

,
~ PandAPPAPaaP are  -open fuzzy 

 

4.5 Corollary  

Let )
~

,( TG  be  -FTG for any Gxx 
21

,  there exists a fuzzy M -homeomorphism 

𝑓  𝑜𝑓 𝐺  𝑠. 𝑡 𝑓(𝑥1) = 𝑥2  

Proof: 

 Let Gaxx 


2

1

1
 and consider the mapping )

~
,()

~
,(: TGTGf   defined by

xaxf )(  then f  is fuzzy M -homeomorphism by theorem 4.3 
21

)( xxf 
     

∎
 

A space for which corollary 4.5 is true is called a fuzzy𝛽-homogeneous space  
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4.6 Theorem  

Let )
~

,( TG be  -FTG and HA
~

,
~

are fuzzy subset of G  then 

1-  
11 )

~
()

~
(   aAclaaAacl  where Ga  is definite point 

2- if andHAclHclAclHAclHclAcl )
~~

()
~

()
~

(),
~~

()
~

()
~

(    

)
~~

()
~

()
~

( 11   HAclHclAcl   

Proof: 

By corollary 4.4 
1)

~
( aAcla is  -closed fuzzy set, since is the smallest  -closed fuzzy set 

containing
1~ aAa , 

11 )
~

()
~

(   aAclaaAacl   

Let )
~

,()
~

,(: TGTGf  be a map defined by 
1)(  axaxf   

by theorem 4.3 f  is fuzzy M -homeomorphism by lemma2.5in paper [I. M. Hanafy] 

))
~

(())
~

(( AfclAclf   thus  

 

For proof part 2 by theorem 4.6 the map )
~

,()
~

,()
~

,(: TGTGTGg   is defined by 

1),(  xyyxg  is fuzzy M -continuous, since )
~~

()
~

()
~

( HAclHclAcl   , 

))
~~

(())
~

(),
~

(( HAclfHclAclf    

Since f  is fuzzy M -continuous ))
~

,
~

())
~~

(( HAclfHAclf   By lemma 2.5 in paper 

[I. M. Hanafy] thus )
~~

()
~

()
~

( 11   HAclHclAcl    ,for Gx  

   
ikclosedisKKHKHcl

KHxMxMxM
Iiii

~~
:)(inf)()( 1

~~
,

~~
:

~
)

~
( 11  

  
 

 =  11
~

~~
:)(inf 1

  iK
KHxM

i

=   )()()( 111 )
~

(

1

)
~

(

1
~~

:
~ xMxMxM

HclHclKHK ii
  

 
 

We get 
11 )

~
()

~
(   HclHcl   hence )

~~
()

~
()

~
( 11   HAclHclAcl   

Similarly for )
~~

()
~

()
~

( HAclHclAcl  
    

∎
 

 

4.7 Theorem  

Let )
~

,( TG  be an  -FTG and )
~~

()
~

()
~

( HAclHclAcl   if H
~

 is a fuzzy 

subgroup of G then )
~

(Hcl  is also fuzzy subgroup of G , if H
~

 is a fuzzy normal subgroup of 

G then )
~

(Hcl  is also fuzzy normal subgroup of G  

)
~

()
~

()
~

()
~

( 1111   aAaclaAclagetweaAaclaAcla 
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Proof: 

In [10] )
~

()
~~

(
~~~

HclHHclHHH   by above theorem

)
~~

()
~

()
~

( HHclHclHcl    we get )
~

()
~

()
~

( HclHclHcl    …(1) 

Since H
~

is fuzzy subgroup )()()( 1~
1

~~ xMxMxM
HHH  

for all Gx  

1~~  HH and hence )
~

()
~

( 1 HclHcl   we may show that for every Gx  

)()( 11 )
~

()
~

(
xMxM

HclHcl  


 using the same method a above 

)()()( 1

)
~

()
~

()
~

( 1

  xMxMxM
HclHclHcl 

 …(2) from (1)&(2)  

and in [NASEEM  AJMAL] 

)
~

(Hcl  is fuzzy subgroup of G ,Let H
~

 be a fuzzy normal subgroup of G  then 

GbaanyforbaMabM
HH

 ,)()( ~~  and hence 

)()()()()( ~
1

~
1

~~~ 1 zMxzxMxzxMzxMzM
HHHHxxHx

 

  

Hence )
~

()
~

(
~~ 11 HclxHxclgetweHxHx   

 by theorem 4.6 hence 

GxeveryforHclxHclx  )
~

()
~

( 1   

)()()()()(
)

~
()

~
(

1

)
~

()
~

()
~

( 111 yxMyMxyxMxyMxyM
HclxHclxHclxHclxHcl 

 


 

We get )
~

(Hcl  is fuzzy normal subgroup of G   ∎ 

 

4.8 Theorem  

Every  -open fuzzy subgroup H
~

 of  -FTG )
~

,( TG  is  -closed fuzzy 

Proof: 

for each HxGx
~

, is  -open fuzzy by corollary (4.4) hence
CHxH )

~
(

~
 is  -closed fuzzy  

because Hx
~

 is  -open fuzzy , where the union is taken over all pair wise fuzzy cosets different 

from H
~

∎ 
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