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Abstract :

The aim of this paper to introduce and study fuzzy &-open set and the relations of some
other class of fuzzy open sets , introduce and study fuzzy 8-connected space , and the
relations of some other class of fuzzy connected spaces of types (R-connected , 6-
connected , y-connected , A-connected ) on fuzzy topology space on fuzzy set and
study some properties and theorems on this subject

Introduction :

The concept of fuzzy set was introduced by Zedeh in his classical paper in 1965. The
fuzzy topological space was introduced by Chang in 1968. Zahran has introduced the
concepts of fuzzy §-open sets, fuzzy &-closed sets, fuzzy regular open sets, and fuzzy
regular closed sets. And Luay A.Al.Swidi, Amed S.A.Oon introduced the notion of y-
open set, fuzzy y-closed set and studied some of its properties. M. N. Mukherjee and S. P.
Sinha introduced the concept of fuzzy 6-open set, fuzzy 6-closed set.And
Shyamal Debnath introduced the concepts of fuzzy §-semi connected space. The purpose
of the present paper is to introduce and study the concepts of fuzzy &-open sets and some
types of fuzzy open set and relationships between of them and study of fuzzy §-connected
space and some types of fuzzy connected space and relationships between of them and we
examine the validity of the standard results.

1. Fuzzy topological space on fuzzy set
1.1 Definition (Zadeh1965)

Let X be a non empty set, a fuzzy set A in X is characterized by a function Myt X— 1,

where I = [0,1]whichiswrittenas A = {(x,pz;(®)): xeX ,0 <
pz(x) < 1}, the collection of all fuzzy sets in X will be denoted by Kthatis X={A:A
is a fuzzy sets in X} where ; is called the membership function .
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1.2 Proposition (Wong,C. K, 1974)
Let A and B be two fuzzy sets in X with membership functions Wz and g respectively then

for all x € X: -

1. A B o p® <p®.

2. A =B o 1® = p®.

3. C=AnB o Cx =min{p;®,p;® }

4. D=AUB o D(x) =max{p;x), nz )}

5. B° the complement of B with membership function Hpe(X) = (X)) = pp(x) -

1.3 Definition (Kandil1,2012)
A fuzzy point x,. is a fuzzy set such that :
”xr(Y): r>0 if x=y, Vvye X and ”xr(Y): 0 if x #y,Vy
€ X N N
The family of all fuzzy points of A will be denoted by FP(A) .

1.4 Remark : (Chakraborty M. K ,1992)

Let A€ ¥ then P(A) = {B:Be I* py(x) < p;(x) }VxeEX,

1.5 Definition (Chakraborty M. K ,1992)

A collection T of a fuzzy subsets of A, such that T < P(A) is said to be fuzzy topology on
A if it satisfied the following conditions

1. A ¢ €T

2. If B,CeT then BnCeT

3. If Bje T then yBeT,jel

(A, T) is said to be Fuzzy topological space and every member of T is called fuzzy open
set in A and its complement is a fuzzy closed set .

1.6 Definition (Chaudhuri, 1993)
Let BeP (A) (x, € FP (A)), then B [x, ] is said to be :
e Maximal fuzzy point in A if for each x € X, pu_(x) #0then p_(x) = p; (x).

e  Maximal fuzzy set in A if for each x € X, pg(x) #0then pg(x) = pz(x)

2. On fuzzy &-open set

2.1 Definition

A fuzzy set B in a fuzzy topological space (A, T) is said to be
e Fuzzy §-open set if Mnecci(®) ) < pg(®)

e Fuzzy §-closed set if p;(x) < “c1(1m(§))(x)

2.2 Remark
The family of all fuzzy §-open sets [resp. fuzzy §-closed sets ] in a fuzzy topological
space (A ,T) will be denoted by FSO(A) [resp. F6C(A)]

2.3 proposition

Every fuzzy open set [fuzzy closed set] is fuzzy §-open set [fuzzy §-closed set] .
Proof : Obvious

2.4 Remark
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The converse of proposition(2.3) is not true in general as the following example shows

2.5 Example
Let X ={a,b,c}and B, C ,D,E, F be fuzzy subsets of A where:

A={(a,08),(b,08),(c,08)},B={(a,01),(b,01),(c,02},C ={(a,02),(b,
0.1),(c,02)} D={(a,03),(b,03),(c,02)},E ={(a,04),(b,04),(c,05)} F ={(
a,03),(b,03),(c,03)}

The fuzzy topologies defined on Aare T ={ ¢, A ,B,C, D} The fuzzy set (E) [F] in
fuzzy topological space (A , T) is fuzzy &-open set [fuzzy 5-closed set] but not fuzzy open set
[fuzzy closed set ] .

2.6 Definition (Seok and Sang , 2012)

A fuzzy set B in a fuzzy topological space (A ,T) is called fuzzy §-neighborhood (8nbhd) of
a fuzzy point x, in A if there is a fuzzy &-openset G in A such that m () Sp ()<
p(x) , Vxe X

2.7 Proposition

Every fuzzy neighborhood B of x, is fuzzy §-neighborhood.
Proof : Obvious

2.8 Definition (Seok and Sang , 2012)
Let B be a fuzzy set in a fuzzy topological space (A, T) then:
e The & —closure of B is denoted by (8cl(B)) and defined by

Moo (@) (9 = min{ p; () - Fis a fuzzy 8 — closed setin A, py(x) < px(x)}.
e Thed —interior of B is denoted by (8int(B)) and defined by
”&nt(ﬁ)(x) =max { p; (%) : G is a fuzzy 8 — open setin A | He () S ps(®)}-

2.9 Theorem (Seok and Sang , 2012)

Let B, C are fuzzy sets in a fuzzy topological space (4, T) then ;
L a0 = 500 and s (0 = 304

2. I pz(x) < pp(x) then p&l(g)(x) < ”&z(C)(X) .

3 () < by () -

4 ooy = Mo %) -

5 Mscitmin fup (), ) = MIN Ly () 0 sy (%) -

6

l'ldcl(max {ug(x), ],LZ-(X))(X) = max{ H&l(ﬁ)(x) ! M&‘l(C)(X) }

2.10 Theorem (Seok and Sang, 2012)
Let B, C are fuzzy sets in a fuzzy topological space (A, T) then ;
L Wi = 1500 and pg, 6,00 = pz(x) -
2. I pg(x) < pp(X) then “&nt(ﬁ)(x) < u&nt(c)(x) .
Haimei ) < (%)
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4 Woineoine(y ) = Maimecy (%) -
S Waint(min g0, ua(x))(x) = min { Hsine(®) ) u&int(C)(X) ¥
6. max { iy X s Boineey®) =< Boinemax (), uﬁ(x))(x) :

2.11 Definition (K.K.Azad ,1981)

A fuzzy set B of a fuzzy topological space (A ,T) is said to be :-

1) Fuzzy regular open [Fuzzy regular closed ] set if :

pg(x) = MnecciB)) ) [ug(x) = “c1(1nt(§))(x)] , The family of all fuzzy regular open
[fuzzy regular closed ]Jset in A will be denoted by FRO(A)[ FRC(A)]. (K.K.Azad

,1981)

2) Fuzzy A-open set if for every point x,. € B there exist a fuzzy regular semi-open set U
in A such that uXr(X) Sy () < pgx B is called [Fuzzy A-closed ] set if its
complement is Fuzzy

A-open set the family of all Fuzzy A-open [Fuzzy A-closed ] sets in A will be denoted by
FAO(A)[ FAC(A)]. (Shahla H. K., 2004)

3) Fuzzy y —open [y — closed ] set if
Hg(x) < max { Minecaae) @+ Meian(e)) (0}, [ns(x) = min {“lm(a(B))(X) ' Hc1(mt(§))(x)}] ’
The family  of all fuzzy y — open [fuzzy y — closed] sets in A will be denoted by FyO(A)

[ FyC(A)]. (Luay A.AlLSwidi,Amed S.A.Oon,2011)
4) Fuzzy 6-open [ 6-closed ] setif pg(x) = gy [15(0) = Hoa ]+ VX €
X
The family of all fuzzy 6-open (fuzzy 6-closed ) sets in A will be denoted by FOO(A)
[FOC(A)].

(M. N. Mukherjee and S. P. Sinha ,1991)

2.12 Proposition
Let (A, T) be a fuzzy topological space then :

1) Every fuzzy 6-open set (resp. fuzzy 6-closed set) is fuzzy A-open set (resp.fuzzy A-
closed set) [fuzzy y-open set (resp.fuzzy y-closed set) ].

2) Every fuzzy 6-open set (resp. fuzzy 6-closed set) is fuzzy y-open set (resp. fuzzy y-
closed set) [fuzzy 8-open set (resp. fuzzy §-closed set , fuzzy A-open set (resp.fuzzy
A-closed set) ]

3) Every fuzzy regular open set (fuzzy regular closed set ) is fuzzy 6-open set (resp.
fuzzy §-closed set) [fuzzy y-open set(resp. fuzzy y-closed set) , fuzzy A-open
set(resp.fuzzy A-closed set )]

Proof : Obvious .

2.13 Remark

The converse of proposition (2.12) is not true in general as following examples shows

2.14 Examples
1) LetX={a,b}and B, C, D are fuzzy subsetin A where
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A={(a,09),(b,09)},B={(a,00),(b,07)},C={(a,08),(b,00
)} D={(a,0.8),(b,0.7), The fuzzy topology defined on A
is T={0¢,4,B,C,D}

e Thefuzzy set D is a fuzzy A-open set but not fuzzy & — open set (fuzzy regular
open set , fuzzy 6 — open set).

e letX={a,b,c}and B, C, D, E are fuzzy subset in 4 where
A={(a,09),(b,09),(c,09)},B={(a,03),(b,03),(c,04)}
C={(a,04),(b,03),(c,04)},D={(a,05),(b,05),(c,04)}
E={(a,06),(b,0.6),(c,0.7), The fuzzy topology defined on 4 is
f={0,4,8,¢,D,E}

e Thefuzzy set B isafuzzy y —open set but not fuzzy & — open set (fuzzy regular
open set, fuzzy 6 — open set).

2) The fuzzy set E in the example (2-5) is a fuzzy &-open set but not fuzzy regular
open set (fuzzy 6-open set ).

3. fuzzy é-separated set
3.1 Definition

If (A,T) is a fuzzy topological space and B, C are fuzzy set in A then B and C are said to
be fuzzy §-separated sets if and only if min { u&l(g)(x) s Mz} = pg(x) and min {

o)X » (O} = (%) -
3.2 Theorem

If (A ,T) is a fuzzy topological space, B and C are fuzzy §-separated sets in A and D is a
fuzzy set in A then min{ H (), ()} and min{ ps(x) | pe(x)} are fuzzy §-separated
sets in A.

Proof :

Since B and C are fuzzy §-separated sets in A , Then min { Hsa(B) (X), (0} = pz(x) and
Min { sae) () - (O} = u5(x) Toprove min{ py, i 60, w50 ®) 2 Bomin 60, oo ®)

F= a0 and min £ s 9, 100 ) Bomin 1569, 500 ™) 3= Ha()

SINCe MIN Kt min (145, 15000 )+ Homin (), upop®) 3 =
MIREMIN £ ey () + Maca )X 3 Mo e, oo ) 3=

min{min { uécl(ﬁ) (X) 1 H"C (X) }7 H(min {“Bcl(ﬁ) ), }l’]j(X)) (X) } =

Ming 150<) » Wi s @ Hﬁ(x))(x) }= u5(x) , then
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M im0 1500 )+ Bmin (e, s O F = H5 ()
Hence: Ming ocigmin g, 15600 *) Bemin ), 1600 ) 7500

Simitary Min € Koeiimin e 0, 1509+ Homin (g, szeon ) 3 = #5%)
Then min{ p; (%) , pz(x)} and min{ pg(x) , e (x)}are fuzzy §-separated sets in Am
3.3 Theorem

If (A ,T) is a fuzzy topological space, B and C are fuzzy §-separated sets in A , Mand N
are fuzzy set in A such that g (x) < pg(x) and pg(x) < pe(x) then M and N are fuzzy &-
separated sets in A .

Proof :

Since B and C are fuzzy §-separated sets in A then
min { s (X 1m0} = pz(x) and - min {psz)(X) 5 1O} = p5(x)

Since pg(x) < pg(x) then pg () < sy () then min Lug 50, me(0} <
min { ws (%) me (O} = pz(x) » Hence min { s 5y (X) 5 1z (0} = p5(X)

min { “Jcl(ﬁ)(x) vu(mm {“C(X) , MN‘(X))(X) } =min { mln{ ugcl(ﬂ)(x) ' u'(j (X) }l uﬁ(x) } =
min { 150 , 1y (9 } = 5%
Since pg(x) < px(x) then min { ug(x) , pa(X) 3= px(x)

implies that min { p&l(m(x) s Mg ()} = pz(x) , Similarly min { ”acl(ﬁ)(x) Mg (0} =
15(X)

Hence M and N are fuzzy &-separated setsin A m
3.4 Theorem

If (A,T) is a fuzzy topological space, B and C are fuzzy sets in A then B and C are fuzzy
§-separated sets in A if and only if there exist fuzzy §-closed sets E and F in A such that

() < pp(x) and pe(x) < pp(x) , min{ pg (%), pe(x)}= uz(x) and min{ pe(x) ,
HE (3= pg(x)

Proof

= Suppose that B and C are fuzzy &-separated sets in A
Implies that min { iz (), 120} = 500 and min L g, )09 1 (GO} = 5(x)

Since pz(x) < p&l(g)(x) and pz(x) < u&l(a)(x) ,Then e (x) = Hsa(B) () and pz(x) =
“Jcl(é)(x)
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Hence pg(x) < pp(x) , ue(®) < p(x), min{ pg(x) , px(0}= pz(x) and min{ px(x)
Hp (0 }= 1z(X)

< Since pz(x) < pp(x) and px(x) < pE(x) , Then u&l(g)(x) <pz(x) and HM(E)(X)
< pp(x)
Implies that min {p&l(ﬁ)(x) s e (OF< min {p (%), 1 ()}= pg(x)

And min {H&.l(ﬁ)(x) Mg (OF < min{ pp (), ug (3= pg(x)

Hence  min { s (%), 1e(0} = 15(x) and min { pg (%) (0} = p5(x)
therefore B and C are fuzzy §-separated setsin A m

3.5 Theorem

If (A ,T) is a fuzzy topological space, B and C are fuzzy sets in A then B and C are fuzzy
S-separated sets in A if B and C fuzzy &-closed sets in A and min{ Hg(X) 5 pe(}=

ug(X) -
Proof : Obvious

3.6 Remark : The converse of theorem (3.5) is not true in general .

3.7 Example
Let X ={a,b}and B, C ,D, E be fuzzy subsets of A where:
A={(a,02),(b,05)},B={(a,00),(b,05)},C ={(a,02),(b,0.0)},

D={a,01),(b,00)},E ={(a,0.0),(b,0.3)} The fuzzy topologies defined on A
are

T={¢,A ,B,C} ThenD and E are fuzzy S-separated sets in A but not fuzzy §&-
closed sets in A

3.8 Definition

1. 1f (A1) is afuzzy topological space and B, C are fuzzy set in A then B and C are
said to be fuzzy R-separated sets if and only if

Min { by 09 » 1 GO} = 1500 and min € ey (), 15003 = 1540

2. If (A,T) is a fuzzy topological space and B, C are fuzzy set in A then B and C are
said to be fuzzy A-separated sets if and only if

min { w4 (%) 1m0} =pz() and - min {7 )(X) , mg (O} = p(x) -
3. If (A1) is afuzzy topological space and B, C are fuzzy set in A then B and C are
said to be fuzzy y-separated sets if and only if

min { 100 1003 =509 and min {0109, 1G9} = 500
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4. If (A,T) is a fuzzy topological space and B, C are fuzzy set in A then B and C are
said to be fuzzy 6-separated sets if and only if

min { o (X 1O} = p5(x) and min { (%) ug (O} = 15(x) -
3.9 Theorem

If (A,T) is a fuzzy topological space, B and C are fuzzy R-separated sets in A then B and
C are fuzzy 5-separated sets.

Proof :
Suppose that B and C are fuzzy R-separated sets in A

Then ming i, () 1 GO #5%) and ming o) (9, 15603 5

Since Hea(®) (x) and HRa(@) (X) are fuzzy R-closed sets in A

Implies that by proposition (2.12) min{ “scl(ﬁ)(x) » Me(®)}= pg(x) and min{ HM(E)(X),
Hs (0 }= ug(x)
Hence, Band C are fuzzy &-separated in A. m

3.10 Remark

The converse of theorem (3.9) is not true in general as following examples shows
3.11 Example

LetX={a,b,c}and B, C, D, E, Fare fuzzy subsetin 4 where

A={(a,08),(b,08),(c,08)}B={(a,05),(b,00),(c,05)}
¢={(a,00),(b,02),(c,00)},D={(a,05),(b,02),(c,05)}
E={(a,04),(b,00),(c,04)}, F={(a,00),(b,0.1),(c,00)}

The fuzzy topology definedon 4 is T={@,4 , B, C, D} Then E and F are fuzzy

5-separated sets in A but not fuzzy R-separated setsin 4 , Since: Hsai(B) x)=E8,

Msac () =C

min{ gz (X)  1pOI= #3(x) and min{ pg g (), 1 (03= uz(x) | Hence E and F are

fuzzy 5-separated in 4 , But Hpacs) (%) = A, Hpa(r) (%) = A

min{ kg ®) » 1ECO} # () and min{ wp ) (X), np(0} # p5(X)
Then E and F are not fuzzy R-separated sets in A

3.12 Theorem

If (A ,T) is a fuzzy topological space,and if :-
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1. BandC are fuzzy 6-separated sets in A then B and C are fuzzy §-separated sets.
(resp fuzzy y-separated sets , fuzzy A-separated sets. )

2. BandC are fuzzy §-separated sets in A then B and C are fuzzy y-separated sets
(resp fuzzy A-separated sets).

3. BandC are fuzzy R-separated sets in A then B and C are fuzzy yseparated sets (
resp fuzzy A-separated sets ).
Proof: Obvious

3.13 Remark: The converse of theorem (3.12) is not true in general

3.14 Remark: Figure - 1 — illustrates the relation between fuzzy §-separated set and

some types of fuzzy separated sets.

Figure -1 —

4 . fuzzy §-connected space
4.1 Definition

A fuzzy topological space (A ,T) is said to be fuzzy §-connected if there is no proper non-
empty maximal fuzzy &-separated sets B and C in A such that by (x) = max { pz (%) ,
()} VxeX If (A,T) is not fuzzy §-connected then is said to be fuzzy &-
disconnected spaces .

4.2 Theorem
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A fuzzy topological space (A ,T) is fuzzy §-connected if and only if there exist no non-
empty fuzzy &-closed sets E and F in A such that

g () =max { pz(x) , g () }and min { pz(x) | p (%) 3= pg(x)
Proof :

(=) suppose that (A ,T) is fuzzy §-connected space

Suppose that there exist non empty fuzzy §-closed sets £ and F in A such that

by () = max { puz(x) , wp () Fand min { p (%), g (%) 3= p5(x) Since E and F are
fuzzy &-closed sets in A and min { pz(x) , p; (x) }= pz(x) then E and F are fuzzy -
separated sets in A since p; (x) = max { pz(x) , pz (x) 3 then (A, T) is fuzzy 6-
disconnected , which is a contradiction .

(<) Suppose that there exist no non-empty fuzzy §-closed sets E and F in A such that
Hy () =max { pz(x) , g () }and min { pz(x) | py (%) 3= pg(x)

Suppose that (A ,T) is fuzzy §-disconnected space , then this implies that there exist non-
empty maximal fuzzy 6-separated sets B and C in A such that p, (x) = max { pz (x) ,
1z (x) } since B and C are fuzzy &-separated in A , Then min{ Haaz)X) + Bz (0} = 15(X)

and min{ g,z (%), kg (0} = 15(x)

implies that pz(x) < [ 15,0 1° and pg () < [pgy ) 1°

since py (x) = max{ug (X) , 1z (O} < max{[ sy 1 [isqe (0 T°

Then p; () = max{[ w5, 1% [ ) 13

Then py (x) = min [pg,051(%) 0 Haqe®) 17 g GO TP =min [pg 510 0 Haq )]
a0 = min [ g5 s By ]

Let ws () = np() and g, 5y() = e (%), then min {uz(x) , py (%) 3= p5(x)

And max { up(x) , 1z () 3= max {sg (%) » Ko@) (X) }

max { 1z (0 s 1y (0 3 = Myt (maxgup () 15 001) )+ MaX LRG0 15 (0 3 = gy iy (%)

max { pz(x) , uz (x) } = py (x) which is a contradiction Hence (A ,T) is fuzzy §-connected
space. m

4.3 Corollary
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A fuzzy topological space (A ,T) is fuzzy §-connected if and only if there exist no non-
empty fuzzy 5-open sets G and H in A such that

g () =max { pz(x) , uy ) Fand min { pz(x) | py () 3= p5(X)

Proof :

(=) suppose that (A ,T) is fuzzy §-connected space

Suppose that there exist non empty fuzzy §-closed sets £ and F in A such that
g () =max { pz(x) , uy x) }and min { pz(x) | py (%) }= p5(x)

Implies that [y; GOT° = min { [u; GOT°, [ GOI° } and max{ [ GOT°, [ (I1° 3=
[5(]° then

wg () = min { [uzGOI°, [ng (01° 3 and max{ [z (1", [1g (OI° 3= ny (%)

Let [ux(®)]° = pz(x) and [u; ()]° = pz (), Implies that that there exist no non-empty
fuzzy &-closed sets E and F in A such that s () =max { pz (%) , puz (x) }and min {
1500, 1y (9) 1= 1500

Then (A ,T) is fuzzy &-disconnected space which is a contradiction

(<) Suppose that there exist no non-empty fuzzy §-open sets G and H in A such that
Hy () =max { pz(x) , uy x) }and min { pz(x) , py (X) }= p5(x)

Suppose that (A ,T) is fuzzy §-disconnected space , then this implies that there exist non-
empty maximal fuzzy &-separated sets B and C in A such that

g (%) =max { ps (x) , pz () } since B and C are fuzzy &-separated in A then
min{ psq3) (X vz} = ug(x) and ming ps (%), by (O} = 15(X)

implies that 1500 < [ 15900 1 a0 gy (%) < [ty () T
since py (%) = max{ug (%), px (O} < max{[ w0500 1 [ ) T°

Then iy ) = max{ iz sy I [ iy 1° hLet [y, () T = 1z and

[“5C1(Z‘) (X) ]C = uﬁ (X)

Then py (x) = max{p;(x) , uy O} min{u;(x) . ny COr= min{[psy 5 (X) 15 [

“501(5) (X) ]C }

min{ ns (%) , 1y (Y= max [ g5, 0 Bsge®) 1
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min{ u:x) , uy X}= [u&l(max{uE(X),ug (X)})(X)]C

min{ pz () , ug (3= [ gz 1°= [y GOI° = p5(%)
which is a contradiction , hence (A ,T) is fuzzy §-connected space. m

4.4 Definition N
A fuzzy topological space (A ,T) is said to be :

1. fuzzy R-connected if there is no proper non-empty maximal fuzzy R-separated sets
Band CinAsuchthat py (x) =max{pz (), pz(x)} VxeEX
If (A ,T) is not fuzzy R-connected then is said to be fuzzy R-disconnected spaces.

2. fuzzy A-connected if there is no proper non-empty maximal fuzzy A-separated sets B
and C in A such that pi; (x) = max { pz (%) , pz (X) } Vx € X
If (A,T) is not fuzzy A-connected then is said to be fuzzy A-disconnected spaces .

3. fuzzy y-connected if there is no proper non-empty maximal fuzzy y-separated sets B
and C in A such that p, (x) = max { pz (%) , pz (X) }Vx € X
If (A,T) is not fuzzy y-connected then is said to be fuzzy y-disconnected spaces .

4. fuzzy 6-connected if there is no proper non-empty maximal fuzzy 6-separated sets B
and Cin A such that py (x) =max { pz (¥) , p (x) }  Vx€X
If (A ,T) is not fuzzy 6-connected then is said to be fuzzy -disconnected spaces .

4.5 Theorem
Let (A ,T) be a fuzzy topological space then:-

1. Every fuzzy §-connected space is fuzzy R-connected space (resp. fuzzy 6-
connected space) .
2. Every fuzzy y-connected space is fuzzy R-connected space,( resp. fuzzy &-

connected space , fuzzy 6-connected space).

3. Every fuzzy A-connected space is fuzzy R-connected space,( resp. fuzzy 6-

connected space , fuzzy §-connected space).
Proof : (1) let (A ,T) is fuzzy -connected space
Suppose that (A, T) is fuzzy R-disconnected space , Then this implies that there exist non-

empty maximal fuzzy R-separated sets B and C in 4 such that Hy (%) = max { puz (%) ,
Kz ®}

Then there exist non-empty maximal fuzzy &-separated sets B and C in A

Such that py (x) = max { pz (%) , pz (x) } Implies that (A ,T) is fuzzy 8-disconnected

Which is a contradiction, hence (A, T) is fuzzy R-connected space. ®
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Proof: - (2) and (3) similarly (1)

4.6 Remark

The converse of theorem (4.5) is not true in general as following examples shows .

4.7 Examples

1) LetX={a,b}and B, C, D, E,are fuzzy subsetin 4 where

A={(a,08),(b,07)},B={(a,00),(b,07)},C={(a,05),(b,00)}
D={(a,05),(b,07)},E={(a,08),(b,0.0)} The fuzzy

topology defined on 4 is T={¢,A4,B,C,D } then F6C={0,4 , B,
C,D,E}and FRC={0,4 ,E}, Band E are fuzzy 5-separated sets in
A Since: psyg ) =5,

Hsa(s) x)=E

min{ ws ) *) 1 1z (3= 1) and mind s,z (X), g (3= 15(x)

and py; (x) =max { pz () , gz (X) }, hence (A1) is fuzzy 8-disconnected space

But (A ,T) is fuzzy R-connected space since : Hpam ) =4 ) Mgz () = E

min{ “Rd(’ﬁ)(x) s Mg (X)}# pz(x) hence B, E are not fuzzy R-separated .

e FOC={0,4  E} then (A, T)isfuzzy #-connected space since :
Hoam ) = A Boq () =E , min{ ug 5 (), mp (O} p5(x)

hence B, E are not fuzzy R-separated .

4.8 Example

2) LetXx={a,b}and B,, B,, Bs; B,,Bs B B, Bg, B,
Bio, Bi1, Biz, Bis, Bua, Bys, Big, By, are fuzzy subset in 4 where
A={(a,08),(b,09)}B,={(a,06),(b,00)},B,={(a,0.7),(b,0.1

)} §3:{(a,0.l),(b,0.9)},§4:{(a,0.0),(b,0.8)},§5:{(a,
0.1),(b,0.0)}, Bs={(a,06),(b,09)},B,={(a,06),(b,
08)}, Bg={(a,01),(b,01)} By={(a,0.0),(b,0.1)

}. B1p={(2,06),(b,01)} B;;={(a,07),(b,09)},
B,={(2,07),(b,08)},B;3={(a,01),(b,08)},B,,={(a,08), (b,
01)} Bis={(a,08),(b,08)},B,,={(a,08),(b,00)},
B,,={(a,00),(b,09)}

The fuzzy topology defined on 4 is

T={0.4,B,.B;, B3, By, Bs, Bs, B, Bg,Bo, B1g, B11, B1z, By3, Bya, Bys} then
FyC={@, A, B, B;, B3, By, Bs, By, By, B11, B13, Bi3, Bi4, Bys, Byg, By7} and
FRC={g, 4 '§1C:E261 E3C’ B, ‘ Esc’ Bscn E9C’ gncn g1zcn 313C: 314C: g1sc} )

B, and B, are fuzzy y-separated sets in 4 Since: Myas,) ) =Bis o Wy, X
=By,
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min{ 1z, by, (O}=pz(x) and min{p 5 (X), ug  (O}= pz(x)
and p; (x) = max { Mg, x), Mg, (x) }, hence (A ,T) is fuzzy &-disconnected space
But (A ,T) is fuzzy R-connected space since :
“Rcl(ﬁlﬁ)(x) = §4C ) HRC1(§17)(X) = Ezc
min{ “Rc1(§16)(x) b, (x)}# pz(x) hence B¢ , B, are not fuzzy R-separated .
e F8C={0,4,B,,B,, B;, B, Bs, Bg, B;, Bg,Bo, B1¢, B11, B12, By3, By4, By}, then

(A ,T) is fuzzy §-connected space since : MsaB,) ) = Brar Msaq,)(¥) = Bs

min{ iy, (0 s Mg, (0} p5(x) hence B, , B, are not fuzzy R-separated .

e FoC={0,A,B,,B,,Bs, Bg,By, Bi1,Bi, B3, B14, Bis}, Then (A |T) is fuzzy 6-
connected space since iy, ) (X) = B, Moa(s,)X) = By, ,min{ Msa(B,) )
by, (O}F u5(x)

hence B , B, are not fuzzy R-separated .

4.9 Example
3) LetX={a,b}and B, C, D, E,F,G, H,1T,are fuzzy subset in 4 where
A={(a,07),(b,08)},B={(a,06),(b,00)},C={(a,00),(b,07)}
D={(a,00),(b,06)},E={(a,05),(b,00)},F={(a,06),(b,

07)}, G={(a,05),(b,07)}, H={(a,07),(b,00)},7
={(a,00),(b,08)}

The fuzzy topology definedon 4 is T={@¢,4 , B, C, D ,F, G},

Then FRSO(4) ={0 ,4 , B,
}

H13}, FAC@) ={0,4 ,B°, C°, H,1 }and
FRC@A)={0 .4 ,B°, C nd

z‘ )
HandT are fuzzy A-separated setsin A4

min{ HACl(ﬁ)(X) sl (0= pz(x) and min{ HACl(j)(X): Hy (O}= 1z(x)

And py (%) = max { pg (%) , 1y () } hence (A ,T) is fuzzy A-disconnected space
But (A ,T) is fuzzy R-connected space since : Mpei(in¥) = BS, gy () = o

min{ uRcl(ﬁ)(x) oWy ()}# pz(x) hence B, E are not fuzzy R-separated

e FSC={0,A,B,C,D,E,F,G}then(A T)isfuzzy §-connected space since

Mgy (X) = A, Wsam () = A

min{ u&l(ﬁ)(x) g (X)}# pg(x) hence H , T are not fuzzy &-separated .
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e FOC={@,A} then (A,T)is fuzzy A-connected space since :
Moan ) = 4, Hgqqy(¥) = 4
min{ ll,,d(y)(x) sy ()} pg(x) hence H , T are not fuzzy @-separated .

4.10 Remark: Figure - 2 — illustrates the relation between fuzzy §-connected space and

some types of fuzzy connected space .

Figure -2 -
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